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E´TALE COHOMOLOGY, COFINITE GENERATION, AND p-ADIC L-FUNCTIONS
ROB DE JEU AND TEJASWI NAVILAREKALLU
Abstract. Let p be a prime number. We study certain e´tale cohomology groups with coefficients associated
to a p-adic Artin representation of the Galois group of a number field k. These coefficients are equipped with
a modified Tate twist involving a p-adic index. The groups are cofinitely generated, and we determine the
additive Euler characteristic. If k is totally real and the representation is even, we study the relation between
the behaviour or the value of the p-adic L-function at the point e in its domain, and the cohomology groups
with p-adic twist 1− e. In certain cases this gives short proofs of a conjecture by Coates and Lichtenbaum,
and the equivariant Tamagawa number conjecture for classical L-functions. For p = 2 our results involving
p-adic L-functions depend on a conjecture in Iwasawa theory.
1. Introduction
Let k be a number field, p a prime number, E a finite extension of Qp with valuation ring OE , and
η : Gk → E an Artin character with dual character η∨, that is, the character of an Artin representation
of Gk = Gal(k/k). If S is a finite set of finite primes of k, m ≤ 0 an integer, and σ : E → C an
embedding, then the value LS(m,σ ◦ η∨, k) of the classical truncated Artin L-function is in σ(E), and if we
let L∗S(m, η
∨, k) = σ−1(LS(m,σ ◦ η∨, k)) in E then this is independent of σ (see Section 3).
We call η realizable over E if the corresponding representation can be defined over E. This representation
can then be obtained asM(E, η)⊗OEE ≃M(E, η)⊗ZpQp for some finitely generated torsion-freeOE-module
M(E, η) on which Gk acts (we shall call M(E, η) an OE-lattice for η). If S includes all the finite primes
of k at which η is ramified, and Ok,S is obtained from the ring of algebraic integers Ok of k by inverting
all primes in S, then we may view M(E, η) and M(E, η) ⊗OE E/OE ≃ M(E, η) ⊗Zp Qp/Zp as sheaves for
the e´tale topology on the open subscheme SpecOk,S of SpecOk. We let α : SpecOk,S → SpecOk be the
inclusion, but in e´tale cohomology groups we shall write Ok instead of SpecOk and similarly for Ok,S .
In the special case that p is odd, E = Qp, m < 0, and L∗S(m, η
∨, k) 6= 0, according to Conjecture 1 of [11]
we should have that the e´tale cohomology groups Hi(Ok, α!(M(E, η)⊗Zp Qp/Zp(m))) are finite for all i ≥ 0,
trivial for i > 3, and that
(1.1) |L∗S(m, η∨, k)|p =
3∏
i=0
#Hi(Ok, α!(M(E, η)⊗Zp Qp/Zp(m)))(−1)
i
.
(Note that on page 502 of loc. cit. the inverse of the arithmetic Frobenius is used in the definition of the L-
function for η, resulting in the standard L-function for η∨.) We observe here that by [26, VII Theorem 12.6]
and the definition of the completed L-series, the non-vanishing of the L-value is equivalent with k being
totally real, and η(c) = (−1)m−1η(idk) for all complex conjugations c in Gk.
Ba´yer and Neukirch proved this conjecture for the trivial character [3, Theorem 6.1] assuming the main
conjecture of Iwasawa theory for this character (later proved by Wiles in far greater generality; see [35, The-
orem 1.2 and 1.3]). In this case the conjecture is, in fact, equivalent to an earlier conjecture of Lichtenbaum
(see [23, Conjecture 9.1] and [11, Conjecture 3.1]) because Hi(Ok, α!(M(E, η) ⊗Zp Qp/Zp(m))) is dual to
H2−i(Ok,S ,M(E, η∨) ⊗Zp Qp/Zp(1 −m)) for some lattice M(E, η∨) (see Remark 1.5). Using this duality
the proof of Ba´yer-Neukirch relates the right-hand side of (1.1) to the p-adic absolute value of the value
of a certain p-adic L-function at m, which equals the left-hand side of (1.1) by an interpolation formula
(see (1.7)).
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Again letting p be any prime number, one may therefore expect the p-adic absolute value of the value
of a p-adic L-function at an integer m to be related to the multiplicative Euler characteristic of certain
e´tale cohomology groups with an m-th Tate twist. In order to generalize this interpretation from integers
m to (almost) every point in the much larger p-adic domain of definition of the p-adic L-function, we now
introduce modified Tate twists indexed by suitable p-adic numbers. If k is any number field and A any
Zp[Gk]-module, then A(m) is obtained from A by multiplying the action of Gk by the m-th power of the
p-cyclotomic character ψp : Gk → Z×p . For g in Gk write
(1.2) ψp(g) = ωp(g)ψ
〈〉
p (g)
with ψ
〈〉
p (g) in 1+ 2pZp and ωp = ωp,k : Gk → µφ(2p) ⊂ Z×p the Teichmu¨ller character of Gk for p. Let k∞/k
be the cyclotomic Zp-extension of k, and γ˜0 in Gk a lift of a topological generator γ0 of Gal(k∞/k). Let
qk = ψp(γ˜0) = ψ
〈〉
p (γ˜0), and for a finite extension E of Qp (always with p-adic absolute value | · |p normalized
by |p|p = 1/p), put
(1.3) Bk(E) = {e in E with |e|p < |qk − 1|−1p p−1/(p−1)} ,
i.e., those e in E where qek and ψ
〈〉
p (g)e for g in Gk converge. Then Bk(E) contains OE but it can be much
larger. For any OE [Gk]-module A and e in Bk(E), we let A〈e〉 be A with the action of Gk multiplied by
(ψ
〈〉
p )e. Note that for an integer m, A(m) can be obtained from A〈m〉 by twisting the action of Gk with
ωmp . Since ψ
〈〉
p (g) is often denoted as 〈ψp(g)〉, we think of this as a ‘diamond’ twist and use notation and
terminology accordingly. Using this twist systematically leads to a more general result and simpler proofs:
it removes the need to adjoin the 2p-th roots of unity (thus avoiding many technical complications when
p = 2).
WithW (E, η) =M(E, η)⊗ZpQp/Zp as before, Theorem 1.4 concerns the structure of the e´tale cohomology
groups Hi(Ok,S ,W (E, η)〈1−e〉). (We state our results for e´tale cohomology groups with torsion coefficients.
For some reasons why we prefer these over alternatives we refer to Remark 1.5 below.) For i ≥ 3, it is well-
known that this group is trivial if p 6= 2, and is finite and easily computed if p = 2 (see Remark 2.8), so we
only consider i = 0, 1, 2. For its statement, let us call an OE-module A cofinitely generated if its Pontryagin
dual A∨ = HomZp(A,Qp/Zp), on which OE acts through its action on A, is a finitely generated OE-module.
In this case we define corankOEA = rankOEA
∨. We note that then also the natural map A → (A∨)∨ is
an isomorphism (see Remark 2.5). We write Bη(E) for Bk(E) if η does not contain the trivial character,
and for Bk(E) \ {1} if it does. Finally, if k is totally real then we call an Artin character η of Gk even if
η(c) = η(idk) for every complex conjugation c in Gk.
We first extend results on cofinite generation that already have a long history. For example, the equivalent
statement for Galois cohomology of the first part of Theorem 1.4(1) below follows already by combining [32,
Theorems 2.1 and 3.1] with the Corollary on page 260 of [33]; a succinct general overview is given in
Appendix A.1 of [28]. (For the relation between those cohomology groups and the groups we consider, we
refer to Remark 1.5 or Remark 2.6.) However, the uniform bound across all e and E in the second part of
Theorem 1.4(1) is new.
Theorem 1.4. Let k be a number field, p a prime number, E a finite extension of Qp, and η : Gk → E an
Artin character realizable over E. Let M(E, η) be an OE-lattice for η and let W (E, η) =M(E, η)⊗ZpQp/Zp.
Assume that S is a finite set of finite primes of k containing the primes above p as well as the finite primes
at which η is ramified. Then for e in Bk(E) the following hold.
(1) Hi(Ok,S ,W (E, η)〈1 − e〉) for i ≥ 0 is cofinitely generated. There is a constant D = D(S, η, k)
independent of e, E and the choice of M(E, η) such that each of these groups can be cogenerated by
at most D elements.
(2) Let ri = ri,S(1 − e, η) = corankOEHi(Ok,S ,W (E, η)〈1 − e〉) for i = 0, 1, 2. Then ri is independent
of the choice of M(E, η), and the Euler characteristic r0 − r1 + r2 equals
−[k : Q] · η(idk) +
∑
v∈Σ∞
corankOEH
0(Gal(kv/kv),W (E, η)) ,
2
where Σ∞ is the set of all infinite places of k and kv the completion of k at v. This quantity is
independent of e, non-positive, and is zero if and only if k is totally real and η is even. Moreover,
ri is independent of S for i = 0, and also for i = 1, 2 if e 6= 0.
(3) r0,S(1−e, η) = 0 if e 6= 1, and r0,S(0, η) equals the multiplicity of the trivial character in η. Moreover,
the size of H0(Ok,S ,W (E, η)〈1 − e〉) is a locally constant function for e in Bη(E).
(4) If p 6= 2 then H2(Ok,S ,W (E, η)〈1 − e〉) is p-divisible. If p = 2 then
H2(Ok,S ,W (E, η)〈1 − e〉) ≃
2H2(Ok,S ,W (E, η)〈1 − e〉)
⊕
⊕v∈Σ∞H0(Gal(kv/kv),W (E, η))/2 ,
and 2H2(Ok,S ,W (E, η)〈1 − e〉) is 2-divisible.
We mention that if Hi(Ok,S ,W (E, η)〈1 − e〉) is finite for i = 0 or 1, then Proposition 2.29, Remark 2.32
and Remark 2.33 express its size and structure using cohomology groups with finite coefficients. By The-
orem 1.4(2), this can happen for i = 1 only when k is totally real and η is even, in which case this group
is finite for i = 0 and trivial for i = 2 by that theorem. Of independent interest is that for such k and η a
short exact sequence of coefficients gives rise to a nine term exact sequence involving only Hi(Ok,S , ·) for
i = 0, 1, 2 (see Lemma 2.25).
Remark 1.5. We formulated Theorem 1.4 (and Theorem 1.8 below) for the groupsHi(Ok,S ,W (E, η)〈1−e〉)
because this gives a uniform point of view for all primes and all modified Tate twists, unlike the groups
Hi(Ok, α!W (E, η)〈e〉) and Hicts(Ok,S ,M(E, η)〈1 − e〉) discussed below. On the other hand, the groups
lim←−nH
i
c(Ok, α!(M(E, η)〈e〉/pn)) below also provide a uniform approach but they are technically more difficult
to handle. For example, in the proof of Theorem 5.5 the only cohomology groups that we have to analyse in
detail in our approach are of low degree, and those can be described fairly explicitly.
We refer to Remark 2.6 and the proof of Proposition 2.12 for details of the following discussion.
Let k be any number field and η : Gk → E any Artin character. Fix a finite set S of finite primes of k
containing all primes at which η is ramified as well as all primes of k lying above p, and let α : SpecOk,S →
SpecOk be the natural inclusion. Then for an appropriate choice of lattices we have
lim←−
n
Hic(Ok, α!(M(E, η)〈e〉/pn)) ≃ lim←−
n
Hic(Ok,S ,M(E, η)〈e〉/pn)
≃ (H3−i(Ok,S ,W (E, η∨ωp)〈1 − e〉))∨
for e in Bk(E) and i = 0, . . . , 3, where H
i
c denotes cohomology with compact support. If p 6= 2 and all
Hi(Ok,S ,W (E, η∨ωp)〈1− e〉) are finite then also
(1.6) Hi(Ok, α!W (E, η)〈e〉) ≃ H2−i(Ok,S ,W (E, η∨ωp)〈1− e〉)
for e in Bk(E), i = 0, 1, 2, the group on the left being trivial for i ≥ 3.
For p again an arbitrary prime, let ΩS be the maximal extension of k that is unramified outside of S and
the infinite primes of k, and let GS = Gal(ΩS/k). Then H
i(Ok,S ,W (E, η)〈1− e〉) ≃ Hi(GS ,W (E, η)〈1− e〉)
where the right-hand side denotes continuous group cohomology.
Finally, for continuous e´tale cohomology groups Hicts with M(E, η)〈1 − e〉 ≃ lim←−nM(E, η)〈1 − e〉/p
n as
coefficients, we have a long exact sequence
· · · → Hicts(Ok,S ,M(E, η)〈1− e〉)→ Hicts(Ok,S ,M(E, η)〈1− e〉)⊗Zp Qp
→ Hi(Ok,S ,W (E, η)〈1 − e〉)→ Hi+1cts (Ok,S ,M(E, η)〈1− e〉)→ · · · ,
where Hicts(Ok,S ,M(E, η)〈1 − e〉) ≃ lim←−nH
i(Ok,S ,M(E, η)〈1 − e〉/pn) is a finitely generated OE-module.
Hence rankOEH
i
cts(Ok,S ,M(E, η)〈1− e〉) = corankOEHi(Ok,S ,W (E, η)〈1− e〉). If Hj(Ok,S ,W (E, η)〈1− e〉)
is finite for j = i and i+ 1, then Hi(Ok,S ,W (E, η)〈1 − e〉) ≃ Hi+1cts (Ok,S ,M(E, η)〈1− e〉) as well.
Our second main result Theorem 1.8 is a relation between the cohomology groupsHi(Ok,S ,W (E, η)〈1−e〉)
and a certain p-adic L-function Lp,S(e, η, k). For such a p-adic L-function to be defined and non-trivial, we
must have k totally real and η even. By Theorem 1.4(2), this is also the only case where those cohomology
groups can simultaneously be finite for i = 0, 1 and 2. For the sake of clarity we write χ for an even Artin
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character when k is a totally real number field, and η for an arbitrary Artin character when k is an arbitrary
number field.
The conjecture of Coates and Lichtenbaum will be deduced from the purely p-adic result Theorem 1.8
for χ = η∨ω1−mp and e = m, by using (1.6) and two small miracles that occur only at integers. The first
is the relation between A〈m〉 and A(m) for any integer m, so that we may assume W (E,χ)〈1 − m〉 =
W (E,χωm−1p )(1−m). The other is the interpolation formula (1.7) for negative integers (and possibly 0). It
is surely no coincidence that the exponent of ωp is the same in both miracles.
In order to state Theorem 1.8 we now discuss p-adic L-functions (see Section 3 for details). Let k be
a totally real number field, p a prime number, E a finite extension of Qp with valuation ring OE , and
χ : Gk → E an even Artin character realizable over E. If S is a finite set of finite primes of k containing the
primes above p, then on Bk(E) there exists a meromorphic E-valued p-adic L-function Lp,S(s, χ, k), defined
at all negative integers m, where it satisfies the interpolation formula
(1.7) Lp,S(m,χ, k) = L
∗
S(m,χω
m−1
p , k) .
The same statement sometimes also holds when m = 0. The usual p-adic L-function Lp(m,χ, k) is obtained
when S consists only of the finite primes of k lying above p.
A consequence of [18, Proposition 5] is that the main conjecture of Iwasawa theory for p (i.e., the state-
ments in Theorem 4.2 and Remark 4.3 for p) implies that Lp,S(s, χ, k) is analytic on Bk(E) if χ does not
contain the trivial character, and meromorphic on Bk(E) with at most a pole at s = 1 if it does. If p 6= 2 we
could use this by [35, Theorems 1.2 and 1.3], but our results imply this consequence of Greenberg’s stronger
result when S also contains the finite primes of k at which χ is ramified, and we remove this restriction by
proving a lower bound for the corank of H1(Ok,S ,W (E,χ)〈1〉) in Proposition 2.18. In fact, working directly
with Theorem 4.2 if p 6= 2 or Assumption 4.4 if p = 2, i.e., working with a weaker version of the main
conjecture of Iwasawa theory, we get a uniform approach for all p.
A zero of Lp,S(s, χ, k) always lies in Bk(E
′) for some finite extension E′ of E (see Remark 3.9), so will be
interpreted by Theorem 1.8. Note that Bχ(E) is the expected domain for Lp(s, χ, k) and Lp,S(s, χ, k), as the
Leopoldt conjecture implies that Lp,S(s, χ, k) should not be defined at 1 if χ contains the trivial character.
By Theorem 1.4(3) it is also the set for which H0(Ok,S ,W (E,χ)〈1− e〉) is finite, and where Theorem 1.8(3)
gives a precise correspondence between non-vanishing of the p-adic L-function and the finiteness of the
cohomology groups.
We can now state our second main result.
Theorem 1.8. If in Theorem 1.4 k is totally real and η = χ is even, then Hi(Ok,S ,W (E,χ)〈1 − e〉) for
i ≥ 0 is finite for all but finitely many e in Bk(E). Moreover, the following hold, where for p = 2 we make
Assumption 4.4.
(1) Let
∑2
i=0(−1)ii · ri = r2 − r0 be the secondary Euler characteristic and let ν = νS(1 − e, χ) =
ords=eLp,S(e, χ, k). Then we have that min(1 − r0, ν) ≤ r2 − r0 ≤ ν.
(2) Lp,S(s, χ, k) and Lp(s, χ, k) are meromorphic on Bk(E); the only possible pole is at s = 1, with order
at most the multiplicity of the trivial character in χ.
(3) For e in Bχ(E) the following are equivalent:
(a) Lp,S(e, χ, k) 6= 0;
(b) H1(Ok,S ,W (E,χ)〈1− e〉) is finite;
(c) H2(Ok,S ,W (E,χ)〈1− e〉) is finite;
(d) H2(Ok,S ,W (E,χ)〈1− e〉) is trivial.
If this is the case, then
|Lp,S(e, χ, k)|p =
(
#H0(Ok,S ,W (E,χ)〈1 − e〉)
#H1(Ok,S ,W (E,χ)〈1 − e〉)
)1/[E:Qp]
.
The assumption for p = 2 in Theorem 1.8 is fulfilled if k = Q and χ is a multiple of the trivial character
(see Remark 4.5). We also remark that part of Theorem 1.8 (for p odd, e 6= 1 an odd integer, and χ = ω1−ep )
is contained in [3, Theorem 6.1], under an assumption in Iwasawa theory since proved by Wiles. A similar
partial result (for p odd, e a negative odd integer, and χ an even Artin character) is outlined in the proof of
[10, Proposition 6.15]. The case p = 2 is not discussed in either paper.
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Theorem 1.8 would be even more complete if the upper bounds in part (1) and part (2) were sharp. The
equality νS(0, χ) = −r0,S(0, χ) in part (2) for all k is equivalent with the Leopoldt conjecture for all k (see
Remark 5.20). Equivalently, we always have min(r0,S(0, χ), r2,S(0, χ)) = 0. The other equality, in part (1),
we formulate as a conjecture, which is itself implied by some folklore conjectures in Iwasawa theory (see
Conjecture 5.19).
Conjecture 1.9. We have νS(1− e, χ) = r2,S(1− e, χ)− r0,S(1− e, χ) in Theorem 1.8(1).
In this paper we give two applications of the p-adic statements in Theorem 1.8 to classical L-functions.
One of them is contained in Section 7. It consists of a short proof of the equivariant Tamagawa number
conjecture at negative integers for Artin motives of the right parity over a totally real number field k with
coefficients in a maximal order. (In this case the conjecture is equivalent with the Bloch-Kato conjecture [5,
§5], and the corresponding result for a Dirichlet motive over Q with p odd and p2 not dividing the conductor
of the underlying Dirichlet character, was already stated in §10.1(b) of [16].) For Dirichlet motives over Q
with p odd, Huber and Kings proved this conjecture at all integers [19, Theorem 1.3.1], whereas in the same
situation Burns and Greither proved the stronger statement where the maximal order is replaced by the
group ring [9, Corollary 8.1]. (See Remark 7.6(2) for those and other statements.)
The other application we give here, namely a proof of a generalization of the conjecture of Coates and
Lichtenbaum discussed above. Let m be a negative integer, η : Gk → E an Artin character that is realizable
over E with L∗S(m, η
∨, k) 6= 0, where E is a finite extension of Qp. Then k is totally real and ηωm−1p is even.
As in the paragraph containing (1.1), let S contain the finite primes of k at which η is ramified. Since the
conjecture is independent of the choice of S by (the proof of) [11, Proposition 3.4], we may assume S also
contains the finite primes of k lying above p, hence all finite primes of k at which the even Artin character
χ = η∨ω1−mp is ramified. We see from (1.7) that |Lp,S(m,χ, k)|p = |L∗S(m, η∨, k)|p 6= 0, so by Theorem 1.8(3)
the groups Hi(Ok,S ,W (E,χ)〈1−m〉) are all finite. By Remark 1.5, with η replaced with ηωmp , if p 6= 2 then
for i = 0, 1 and 2,
Hi(Ok, α!W (E, η)(m)) = Hi(Ok, α!W (E, ηωmp )〈m〉)
≃ H2−i(Ok,S ,W (E,χ)〈1−m〉)∨
with appropriate choice of lattices (see Remark 2.6), and for i = 3 the left-hand side is trivial. Also, the
left-hand side is trivial for i > 3 by Theorem II.3.1 and Proposition II.2.3(d) of [25]. By Theorem 1.8(3) it
then follows that
|L∗S(m, η∨, k)|[E:Qp]p = |Lp,S(m,χ, k)|[E:Qp]p =
#H0(Ok,S ,W (E,χ)〈1−m〉)
#H1(Ok,S ,W (E,χ)〈1−m〉)
=
#H2(Ok, α!W (E, η)(m))
#H1(Ok, α!W (E, η)(m)) .
Similarly, if k is totally real, η∨ωp even, S contains the primes lying above p, L∗S(0, η
∨, k) 6= 0, and (1.7) is
true with m = 0 and χ = η∨ωp, then those equalities also hold for m = 0.
If p = 2 then the first two equalities hold for m ≤ 0 under the same conditions, where for the second we
make Assumption 4.4. The third equality holds for all primes p provided that we replace the last quotient
with #H
3
c(Ok,S ,M(E, η)(m))/#H
2
c(Ok,S ,M(E, η)(m)) for certain cohomology groups H
j
c with compact
support (see Section 7). In fact, for m < 0, the resulting equality
|L∗S(m, η∨, k)|[E:Qp]p =
#H
3
c(Ok,S ,M(E, η)(m))
#H
2
c(Ok,S ,M(E, η)(m))
is part of the equivariant Tamagawa number conjecture, a generalization of the conjecture of Coates and
Lichtenbaum.
The paper is organized as follows. In Section 2 we prove Theorem 1.4 and discuss how the cohomology
groups depend on the choice of the lattice, the field E, and on the finite set of primes S. If the cohomology
groups are finite then we describe them in terms of cohomology with finite coefficients. In Section 3 we
give the definition of the p-adic L-function and discuss the interpolation formula relating it to the classical
L-function. In Section 4 we discuss the main conjecture of Iwasawa theory, including the case p = 2. In
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Section 5 we restrict ourselves to k totally real and χ even and prove Theorem 1.8 in four steps. We first prove
most of it for a 1-dimensional character of order not divisible by p, then for any 1-dimensional character,
followed by the case of all characters. The fourth step then strengthens this to Theorem 1.8 by varying
the twist. In this section we also discuss some conjectures. In Section 6 we discuss examples based on
computations by X.-F. Roblot for certain Galois extensions of Q with dihedral group G of order 8 and cyclic
subgroup H of order 4. They include the existence of two (H× (1+Z5))⋉Z5-extensions of Q(
√
41) and two
(H × (1 + Z5))⋉ Z5[
√
5]-extensions of Q(
√
793), which are inside a (G× (1 + Z5))⋉Z25-extension of Q and
a (G × (1 + Z5)) ⋉ Z5[
√
5]2-extension of Q respectively; see Remarks 6.3 and 6.5. Finally, in Section 7, we
give the first application mentioned after Conjecture 1.9, i.e., we show how the results from the preceding
sections imply certain cases of the equivariant Tamagawa number conjecture.
It is a pleasure to thank Denis Benois, Spencer Bloch, David Burns, John Coates, Matthias Flach, Ralph
Greenberg, Steve Lichtenbaum, Thong Nguyen Quang Do, Bernadette Perrin-Riou, Xavier-Franc¸ois Roblot,
Alexander Schmidt, Michael Spiess, and Sujatha for helpful discussions and correspondence. We also wish
to thank Xavier-Franc¸ois Roblot for performing the calculations for the examples in Section 6. Finally, we
want to thank the referees for the detailed comments.
2. Cofinite generation and additive Euler characteristics
In this section we prove Theorem 1.4. In the process, we also discuss some of the properties of the
cohomology groups that we shall use in later sections. We note that the cohomology groups in the later
sections have coefficients with modified Tate twist indexed by 1 − e instead of e, hence use the twist 1 − e
also in this section for the sake of consistency.
Notation 2.1. Unless stated otherwise, throughout this section k denotes a number field, p a prime number,
and E a finite extension of Qp with valuation ring OE. For η : Gk → E an Artin character realizable over
E we let V (E, η) be an Artin representation of Gk over E with character η. Then there exists an OE-lattice
for η, i.e., a finitely generated torsion-free OE-module M(E, η) with Gk-action such that M(E, η)⊗Zp Qp ≃
V (E, η) as E[Gk]-modules. Let W (E, η) =M(E, η)⊗Zp Qp/Zp.
For a number field F we write F∞ for the cyclotomic Zp-extension. Fix a topological generator γ0 of
Γ0 = Gal(k∞/k). Let ωp : Gk → µ2p and ψ〈〉p : Gk → 1 + 2pZp be as in (1.2), and let qk = ψ〈〉p (γ˜0) in
1 + 2pZp, where γ˜0 is a lift of γ0 to Gk. As defined around (1.3), for any OE-module A on which Gk acts
and e in Bk(E) = {s in E with |s|p < |qk−1|−1p p−1/(p−1)}, we let A〈e〉 be A with the action of Gk multiplied
by the character (ψ
〈〉
p )e.
Let Σ∞ be the set of infinite places of k, and S a finite set of finite primes of k containing the set P
of primes above p, as well as all finite primes at which η is ramified. For any subfield k′ of an algebraic
closure k of k containing k, we denote by Ok′,S the ring of integers in Ok′ with all primes of Ok′ lying above
primes in S inverted. For e in Bk(E) we view W (E, η)〈e〉 as a sheaf for the e´tale topology of Ok,S . As
in Remark 1.5, we let ΩS denote the maximal extension of k that is unramified outside of S ∪ Σ∞ and let
GS = Gal(ΩS/k).
Finally, for any finite or infinite prime v of k, we let kv denote the completion of k at v.
Remark 2.2. (1) If η is 1-dimensional then anyM(E, η) is isomorphic as OE [Gk]-module to OE with g in Gk
acting as multiplication by η(g). Hence in this caseW (E, η) is always isomorphic to OE⊗ZpQp/Zp ≃ E/OE
with this action of Gk.
(2) Let K/k be a Galois extension with G = Gal(K/k) ≃ Z/pZ,M = OE [G],M1 = OE
∑
g∈G g ⊂M , and
M2 =M/M1, so that M1 ⊕M2 and M are lattices for the same Artin character of Gk. If K ∩ k∞ = k then
W 〈1− e〉Gk is isomorphic with OE/(q1−ek − 1) if e 6= 1 and E/OE if e = 1, W1〈1− e〉Gk ≃W 〈1− e〉Gk under
the natural map, and W2〈1 − e〉Gk ≃ OE/(p, q1−ek − 1). This shows the coefficients W are not necessarily
unique up to isomorphism for Abelian characters that are not 1-dimensional.
(3) Assume p 6= 2, E contains a primitive p-th root of unity ξp, and fix e in Bk(E). Let K/k be a Galois
extension with G = Gal(K/k) isomorphic to the dihedral group of order 2p. Fix r and s in G with orders p
and 2 respectively. Consider the two actions of G on M = O2E by letting r act as either R1 =
(
ξp
0
0
ξ−1p
)
or
R2 =
(
0
1
−1
ξp+ξ
−1
p
)
, and s as
(
0
1
1
0
)
. Noting that K ∩k∞ = k, one easily checks that W 〈1− e〉Gk ≃ OE/(ξp− 1)
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for the first action but is trivial for the second. Therefore the coefficients W are not necessarily unique up
to isomorphism for non-Abelian characters that are irreducible over Qp.
Remark 2.3. If χ : Gk → E is a 1-dimensional even Artin character of order prime to p, then we shall
see in the proof of Theorem 5.5 that H1(Ok,S ,W (E,χ)〈1 − e〉) is isomorphic to the Pontryagin dual of
⊕jOE/(gj(q1−ek − 1)) for some distinguished polynomials gj(T ) in OE [T ]. We remark here that in general
even H0(Ok,S ,W (E,χ)〈1− e〉) cannot be isomorphic to the Pontryagin dual of ⊕jOE/(hj(qek)) for non-zero
polynomials hj(T ) in OE [T ] because either hj(qek) is zero for some e in Bk(E) or |hj(qek)|p is a constant
function on Bk(E). This would contradict the example W2〈1 − e〉Gk ≃ OE/(p, q1−ek − 1) in Remark 2.2(2).
Recall that in the introduction we made the following definition to describe the structure of the cohomology
groups Hi(Ok,S ,W (E, η)〈1 − e〉) for i = 0, 1, 2, which, in general are not even finitely generated.
Definition 2.4. Let O be the valuation ring in a finite extension of Qp. For an O-module A we denote
its Pontryagin dual HomZp(A,Qp/Zp) by A
∨. Then O acts on A∨ via its action on A. We say that A is
cofinitely generated if A∨ is a finitely generated O-module, and in this case we denote by corankOA the
O-rank of A∨.
Remark 2.5. Note that HomZp(·,Qp/Zp) is an exact functor on Zp-modules, hence submodules and quo-
tients of cofinitely generated modules are cofinitely generated. In particular, if A is cofinitely generated then
so is H0(GS , A). Moreover, if A is finitely generated or cofinitely generated, then by Pontryagin duality
[27, Theorem 1.1.11] the natural inclusion of A into (A∨)∨ is an isomorphism because the Qp/Zp-dual of its
cokernel is trivial, hence the cokernel is trivial.
Remark 2.6. Let e in Bk(E). We shall mostly use the e´tale cohomology groups H
i(Ok,S ,W (E, η)〈1− e〉),
but they are isomorphic to various other groups as we now discuss.
For m in Z, we may assume V (E, η) = V (E, ηωmp ) as E-vectorspaces but with different Gk-actions. Then
choosing M(E, ηωmp ) = M(E, η) we get M(E, η)〈e〉(m) = M(E, ηωmp )〈e +m〉 and similarly for W instead
of M . We let M(E, η∨) = HomZp(M(E, η),Zp) on which Gk acts via the inverse of its action on M(E, η),
so that on M(E, η∨) ⊗Zp Qp this gives an Artin representation of Gk with character η∨. We then have
W (E, η∨) =M(E, η∨)⊗Zp Qp/Zp ≃ HomZp(M(E, η),Qp/Zp).
By [25, Proposition II.2.9] we have an isomorphism between Hi(Ok,S , X) and the continuous group co-
homology group Hi(GS , X) for any finite Zp-module X with continuous GS-action. This isomorphism is
natural, so taking direct limits gives Hi(Ok,S ,W (E, η)〈1 − e〉) ≃ Hi(GS ,W (E, η)〈1 − e〉). By [27, The-
orem 8.3.20(i)] the Hi(GS , X) are finite for any such X and i ≥ 0, so by [33, Corollary, p.261] we have
Hi(GS ,M(E, η)〈1− e〉) ≃ lim←−nH
i(GS ,M(E, η)〈1− e〉/pn) for i ≥ 1, and for i = 0 this is obvious. Similarly
lim←−
1
n
H1(Ok,S ,M(E, η)〈1− e〉/pn) ≃ lim←−
1
n
H1(GS ,M(E, η)〈1− e〉/pn) is trivial, so if Hicts denotes Jannsen’s
continuous e´tale cohomology [21], then it follows from (3.1) in loc. cit., that for all i,
Hicts(Ok,S ,M(E, η)〈1 − e〉) ≃ lim←−
n
Hi(Ok,S ,M(E, η)〈1− e〉/pn)
≃ Hi(GS ,M(E, η)〈1− e〉) .
We shall see in Proposition 2.12 thatH3−i(Ok,S ,W (E, η∨ωp)〈1−e〉) is cofinitely generated. LetHic(Ok,S , ·)
denote the i-th cohomology with compact support as in [25, Section II § 2, p.203], so that Hic(Ok,S , ·) ≃
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Hicts(Ok,S , ·) when p 6= 2. Let α : SpecOk,S → SpecOk be the natural inclusion. Then by [25, II, Proposi-
tion 2.3(d) and Corollary 3.3] and [33, Corollary, p.261], we have
(2.7)
lim←−
n
Hic(Ok, α!(M(E, η)〈e〉/pn))
≃ lim←−
n
Hic(Ok,S ,M(E, η)〈e〉/pn)
≃ lim←−
n
H3−i(Ok,S ,Hom(M(E, η)〈e〉/pn, µp∞))∨
≃H3−i(Ok,S , lim−→
n
Hom(M(E, η)〈e〉/pn, µp∞))∨
≃H3−i(Ok,S ,Hom(M(E, η)〈e〉, µp∞))∨
≃H3−i(Ok,S ,W (E, η∨ωp)〈1 − e〉)∨ ,
for e in Bk(E), i = 0, 1, 2 and 3.
If Hj(Ok,S ,W (E, η)〈1− e〉) is finite for j = i, i+ 1, then it will follow from the proof of Proposition 2.12
that Hi(Ok,S ,W (E, η)〈1− e〉) ≃ Hi+1cts (Ok,S ,M(E, η)〈1− e〉). So, if p 6= 2 and all Hi(Ok,S ,W (E, η)〈e〉) are
finite, then Hi(Ok, α!W (E, η)〈e〉) ≃ H2−i(Ok,S ,W (E, η∨ωp)〈1−e〉)∨ for i = 0, 1, 2 and both sides are trivial
for i ≥ 3 (cf. [11, Theorem 3.2]).
Remark 2.8. If p 6= 2 then by [27, Proposition 8.3.18] we have Hi(Ok,S , X) ≃ Hi(GS , X) = 0 for i ≥ 3 and
any finite GS-module X . By taking filtered direct limits it follows that H
i(Ok,S ,W (E, η)〈1 − e〉) is trivial
for i ≥ 3. But for p = 2 and i ≥ 3 we have, by [27, 8.6.10(ii)] and a direct limit argument, that
Hi(Ok,S ,W (E, η)〈1 − e〉) ≃ Hi(GS ,W (E, η)〈1 − e〉)
≃
⊕
v∈Σ∞
Hi(kv,W (E, η)〈1 − e〉) .
We now start the proof of Theorem 1.4. In the proof of Proposition 2.12 below we shall use results by
Tate [32], [33] and Jannsen [21], although we shall use [27] as a reference instead of [32].
Lemma 2.9. Let O be the valuation ring of a finite extension of Qp. If A is a (co)finitely generated O-module
on which a finite group G acts, then each Hi(G,A) is (co)finitely generated and the number of (co)generators
needed can be bounded in terms of #G, i and the number of (co)generators of A. In particular, if i > 0 then
#Hi(G,A) is bounded in terms of the same quantities.
Proof. Since A is (co)finitely generated and G is finite it follows that each HomO[G](O[Gi+1], A) is (co)finitely
generated with the number of (co)generators needed bounded by a constant depending only on #G, i and
the number of (co)generators of A. The lemma now follows immediately from the definition of Hi(G,A)
because #G annihilates Hi(G,A) if i > 0. 
Definition 2.10. For any a 6= 0 in OE we let
W (E, η)[a] = ker(W (E, η)
a→W (E, η)) ,
so that for e in Bk(E) we have a short exact sequence
(2.11) 0→ W (E, η)[a]〈1− e〉 →W (E, η)〈1 − e〉 a→W (E, η)〈1 − e〉 → 0 .
Proposition 2.12. Let k be a number field, p a prime number, E a finite extension of Qp with valuation
ring OE, η : Gk → E an Artin character, and e in Bk(E). Assume that S contains P as well as all the
finite primes of k at which η is ramified. Then the following hold.
(1) For i ≥ 0, Hi(Ok,S ,W (E, η)〈1 − e〉) is a cofinitely generated OE-module.
(2) There is some constant D = D(S, η, k) depending only on S, η and k, but not on e, E, or the choice
of the lattice M(E, η), such that each Hi(Ok,S ,W (E, η)〈1 − e〉) can be cogenerated by at most D
elements.
8
Proof. Write M and W for M(E, η) and W (E, η) respectively. From the long exact sequence associated to
0 → M〈1 − e〉 p→ M〈1 − e〉 → M〈1 − e〉/pM〈1 − e〉 → 0 we see that, for i ≥ 0, Hi(GS ,M〈1 − e〉)/p is
finite since Hi(GS ,M〈1− e〉/pM〈1− e〉) is finite by [27, Theorem 8.3.20(i)]. Hence Hicts(Ok,S ,M〈1− e〉) ≃
Hi(GS ,M〈1 − e〉) is finitely generated for i ≥ 0 by [33, Corollary, p.260]. From [21, Theorem 5.14(a)] we
have an exact sequence
· · · → Hicts(Ok,S ,M〈1− e〉)→ Hicts(Ok,S ,M〈1− e〉)⊗Zp Qp
→ Hi(Ok,S ,W 〈1− e〉)→ Hi+1cts (Ok,S ,M〈1− e〉)→ · · · ,
so it follows that Hi(Ok,S ,W 〈1− e〉) is cofinitely generated for i ≥ 0. This proves part (1).
Consider the long exact sequence associated to (2.11) with a = p, so that Hi(Ok,S ,W 〈1 − e〉)[p] is a
quotient of Hi(Ok,S ,W [p]〈1 − e〉) for i ≥ 0. Since p kills W [p]〈1 − e〉, there exists an m depending only
on k such that, with K = kη(µpm) ⊂ ΩS , W [p]〈1 − e〉 ≃ (OE/(p))η(idk) as Gal(ΩS/K)-modules for all e in
Bk(E). Note that this isomorphism is independent of the choice of M . By [27, Theorem 8.3.20(i)], each
Hj(Gal(ΩS/K), (OE/(p))η(idk)) is finite and so the number of its generators can be bounded by a constant
that depends only on S, k and η(idk) and not on e or E. By Lemma 2.9 the number of generators of
Hi(Gal(K/k), Hj(Gal(ΩS/K),W [p]〈1− e〉)) can be bounded by a constant that depends only on S, η, i, j
and k. By the Hochschild-Serre spectral sequence and Remark 2.8 it follows that the number of generators
of Hi(Ok,S ,W [p]〈1 − e〉) ≃ Hi(GS ,W [p]〈1 − e〉) can be bounded by a constant that depends only on S, η
and k. This shows that there is a constant D = D(S, η, k) depending only on S, η and k such that each
Hi(Ok,S ,W 〈1− e〉)[p], and hence each Hi(Ok,S ,W 〈1− e〉) can be cogenerated by at most D elements. 
This proves part (1) of Theorem 1.4. We now start the proof of the remaining parts, obtaining various
results for later use along the way.
Remark 2.13. (1) If M and M ′ are OE -lattices for η, then we can find an injection from M to M ′ with
finite cokernel. Tensoring with Qp/Zp, we get a short exact sequence
(2.14) 0→ XE →M ⊗Zp Qp/Zp →M ′ ⊗Zp Qp/Zp → 0
of sheaves for the e´tale topology on Spec(Ok,S) with XE finite. Each Hi(Ok,S , XE〈1 − e〉) is finite by [27,
Theorem 8.3.20(i)], so the groups Hi(Ok,S ,M ⊗Zp Qp/Zp〈1 − e〉) and Hi(Ok,S ,M ′ ⊗Zp Qp/Zp〈1− e〉) have
the same corank.
(2) Suppose that E′/E is a finite extension and let OE′ denote the valuation ring of E′. Then M ′ =
M⊗OEOE′ is an OE′ -module of finite OE′ -rank on which Gk acts such thatM ′⊗OE′ E′ ≃ V ⊗EE′. Because
M ′ ≃M [E′:E] as OE [G]-modules, we have, with W =M ⊗Zp Qp/Zp and W ′ =M ′ ⊗Zp Qp/Zp ≃W [E
′:E],
Hi(Ok,S ,W ′〈1 − e〉) ≃ Hi(Ok,S ,W 〈1− e〉)[E
′:E]
for all e in Bk(E).
(3) Consider two Artin characters η1, η2 : Gk → E that are realizable over E, and let Mj for j = 1, 2
be corresponding torsion-free OE-lattices. Then M1 ⊕M2 corresponds to the character η1 + η2, and with
Wj =Mj ⊗Zp Qp/Zp for j = 1, 2, we have
Hi(Ok,S , (W1 ⊕W2)〈1− e〉) ≃ Hi(Ok,S ,W1〈1− e〉)×Hi(Ok,S ,W2〈1− e〉) .
(4) Let k′/k be a finite extension, η′ an Artin character of Gk′ that is realizable over E, and M ′ an
OE-lattice for η′. Then M = OE [Gk]⊗OE[Gk′ ] M ′ is an OE-lattice for the Artin character η = Indkk′(η′) of
Gk. If S is so that η (and hence η
′) is unramified outside of S, then by [27, Proposition 1.6.4] we have that
Hi(Ok,S ,M ⊗Zp Qp/Zp〈1− e〉) ≃ Hi(Ok′,S ,M ′ ⊗Zp Qp/Zp〈1 − e〉).
(5) Suppose that S′ is a finite set of primes of k containing S. Taking M(E, ηω−1p ) = M(E, η) as
OE-modules but with different Gk-action, localization with respect to Z = Spec(Ok,S) \ Spec(Ok,S′) gives
an exact Gysin sequence (cf. the proof of VI Corollary 5.3, VI Remark 5.4(b) of [24], and [1, Expose´ I,
Theorem 5.1]), giving an isomorphism H0(Ok,S ,W (E, η)〈1− e〉) ≃ H0(Ok,S′ ,W (E, η)〈1− e〉) and an exact
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sequence
(2.15)
0→ H1(Ok,S ,W (E, η)〈1 − e〉)→ H1(Ok,S′ ,W (E, η)〈1 − e〉)
→ H0(Z,W (E, ηω−1p )〈−e〉)→ H2(Ok,S ,W (E, η)〈1 − e〉)
→ H2(Ok,S′ ,W (E, η)〈1− e〉)→ H1(Z,W (E, ηω−1p )〈−e〉)→ 0 .
Note that H3(Ok,S ,W (E, η)〈1 − e〉)→ H3(Ok,S′ ,W (E, η)〈1 − e〉) is an isomorphism by Remark 2.8.
We observe that
Hi(Z,W (E, ηω−1p )〈−e〉) ≃
⊕
v∈S′\S
Hi(Gal(Fv/Fv),W (E, ηω
−1
p )〈−e〉) ,
where Fv is the residue field at v. Because Gal(Fv/Fv) is topologically generated by the Frobenius Frv, we
have
H0(Gal(Fv/Fv),W (E, ηω
−1
p )〈−e〉) ≃ ker(1− Frv|W (E, ηω−1p )〈−e〉)
and
H1(Gal(Fv/Fv),W (E, ηω
−1
p )〈−e〉) ≃ coker(1− Frv|W (E, ηω−1p )〈−e〉) .
But ker(1 − Frv|V (E, ηω−1p )〈−e〉) ≃ ker(1 − 〈Nm(v)〉−eFrv|V (E, ηω−1p )) because ηω−1p is unramified at all
v in Z and ψp(Frv) = Nm(v) in Z×p , with ψp as in (1.2). This group is trivial if e 6= 0 because all the
eigenvalues of Frv are roots of unity and 〈Nm(v)〉e is a root of unity only when e = 0. Applying the snake
lemma to 1− Frv acting on the short exact sequence
0→M(E, ηω−1p )〈−e〉 → V (E, ηω−1p )〈−e〉 →W (E, ηω−1p )〈−e〉 → 0 ,
we find that corankOEH
i(Gal(Fv/Fv),W (E, ηω−1p )〈−e〉), for i = 0, 1, is trivial when e 6= 0, and equals
dimE V (E, ηω
−1
p )
Frv=1 otherwise. If this corank is trivial then 1−Frv is an isomorphism on V (E, ηω−1p )〈−e〉,
so H1(Gal(Fv/Fv),W (E, ηω−1p )〈−e〉) is trivial and
(2.16)
#H0(Gal(Fv/Fv),W (E, ηω
−1
p )〈−e〉)
= | det(1− 〈Nm(v)〉−eFrv|V (E, ηω−1p ))|−[E:Qp]p .
In Section 5 we shall use the following proposition for Conjecture 5.19. Here we let ri,S(1 − e, η) =
corankOEH
i(Ok,S ,W (E, η)〈1− e〉), just as in Theorem 1.8.
Proposition 2.17. Let k be a number field, η an Artin character, S and S′ finite set of primes of k such
that S ⊆ S′, and e in Bk(E). Then
(1) the map H2(Ok,S ,W (E, η)〈1 − e〉)→ H2(Ok,S′ ,W (E, η)〈1− e〉) in (2.15) has finite kernel;
(2) r1,S′(1−e, η)−r1,S(1−e, η) = r2,S′(1−e, η)−r2,S(1−e, η), which equals
∑
v∈S′\S dimE V (E, ηω
−1
p )
Frv=1
if e = 0, and 0 if e 6= 0.
Proof. From Remark 2.13(5) we see this holds for e 6= 0, and that for e = 0 it is sufficient to prove part (1).
We may assume W (E, η)〈1〉 = W (E, ηω−1p )(1), therefore we only need to show that the kernel of the map
H2(Ok,S ,W (E, ηω−1p )(1)) → H2(Gk,W (E, ηω−1p )(1)) is finite. We let K be a Galois extension of k such
that the restriction of ηω−1p to GK is a multiple of the trivial character, and let G = Gal(K/k). Because
the Hi(OK,S ,W (E, ηω−1p )(1)) are cofinitely generated by Theorem 1.4(1), we see from Lemma 2.9 and the
spectral sequence
Hp(G,Hq(OK,S ,W (E, ηω−1p )(1))) =⇒ Hp+q(Ok,S ,W (E, ηω−1p )(1))
that it suffices to show that the map
H2(OK,S ,W (E, ηω−1p )(1))G → H2(GK ,W (E, ηω−1p )(1))G
has finite kernel. By our choice of K and Remark 2.13(1) this follows if we show that the kernel of
H2(OK,S ,Qp/Zp(1))→ H2(GK ,Qp/Zp(1)) is finite.
Consider the boundary map H1(GK ,Qp/Zp(1)) → H0(Z,Qp/Zp) where Z = Spec(OK) \ S (cf. (2.15)).
This is obtained by taking the direct limit of the maps H1(GK ,Z/pnZ(1)) → H0(Z,Z/pnZ). The size of
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the cokernel of this last map is bounded by the class number of K. Taking the direct limit over n, it follows
that H1(GK ,Qp/Zp(1))→ H0(Z,Qp/Zp) has finite cokernel, so H2(OK,S ,Qp/Zp(1))→ H2(GK ,Qp/Zp(1))
has finite kernel. 
We also prove the following result, which provides a lower bound for the corank of H1(Ok,S ,W (E, η)〈1〉).
Proposition 2.18. Let k be a number field, p a prime number, E a finite extension of Qp, η : Gk → E an
Artin character realizable over E, M(E, η) an OE-lattice for η, and W (E, η) =M(E, η)⊗Zp Qp/Zp. Write
α : Spec k → SpecOk,P for the natural map. Then Hi(OP , α∗W (E, η)〈1〉) is cofinitely generated for i ≥ 0,
and its corank is independent of the choice of M(E, η). Moreover,
(2.19)
corankOEH
1(Ok,S ,W (E, η)〈1〉)
= corankOEH
1(OP , α∗W (E, η)〈1〉) +
∑
v∈S\P
dimE V (E, ηω
−1
p )
Gwv ,
where wv is a prime of k above v with decomposition group Gwv .
Proof. Write W for W (E, η)〈1〉 and Z for SpecOk,P \ SpecOk,S . Let β : SpecOk,S → SpecOk,P be the
natural map. For i ≥ 0, by [25, II. Lemma 2.4] we have an exact sequence
(2.20)
· · · → ⊕v∈ZHi−1(Gal(kv/kv),W )→ Hi(Ok,P , β!W )
→ Hi(Ok,S ,W )→ ⊕v∈ZHi(Gal(kv/kv),W )→ · · · .
For any finite prime v of k and a finite Galois extension K of kv such that Gal(kv/K) acts trivially on
W (E, ηω−1p ), [27, Theorem 7.1.8(i) and Proposition 7.3.10] imply that H
i(Gal(kv/K),W ) is cofinitely gen-
erated, and using Lemma 2.9 one sees that the same holds for ⊕v∈ZHi(Gal(kv/kv),W ). From Proposi-
tion 2.12(1) and (2.20) it then follows that Hi(Ok,P , β!W ) is cofinitely generated. Since Hi(Gal(kv/kv), X)
is finite for finite X by [27, Theorem 7.1.8(iii)], it also follows from the long exact sequence associated
to (2.14) that the corank of Hi(Gal(kv/kv,W ) does not depend on the choice of M(E, η). Hence the same
holds for the corank of Hi(Ok,P , β!W ) by Remark 2.13(1) and (2.20).
On the other hand, with γ : Z → SpecOk,P the natural map, by [24, p.76] we have a short exact sequence
(2.21) 0→ β!β∗α∗W → α∗W → γ∗γ∗α∗W → 0
of sheaves for the e´tale topology on Ok,P , which gives a long exact sequence of cohomology groups. We note
that
(2.22) Hi(Ok,P , γ∗γ∗α∗W ) ≃ ⊕v∈ZHi(Gal(Fv/Fv),W Iwv ) ,
where Iwv denotes the decomposition group of a prime wv in k lying above v. These groups are cofinitely
generated and using (2.14) their coranks are independent of the choice ofM(E, η) becauseHi(Gal(Fv/Fv), X)
is finite if X is finite. Since Hi(Ok,P , β!β∗α∗W ) = Hi(Ok,P , β!W ) it follows from the long exact sequence
associated to (2.21) that Hi(Ok,P , α∗W ) is cofinitely generated and that its corank is independent of the
choice of M(E, η). Moreover, Hi(Ok,P , α∗W ) behaves well under extending E, as well as under induction
and addition of characters. Combining Brauer induction with parts (3) and (4) of Remark 2.13, one sees
that it is enough to prove (2.19) for 1-dimensional characters η. With this S, if η is unramified at a prime
v of k, then V (E, ηω−1p )
Gwv = V (E, ηω−1p )
Frv=1, so by Proposition 2.17, it is enough to prove the result for
S = Smin, the smallest set of primes containing the finite primes of k lying above p and the primes at which
η is ramified. In this case, if v is in Z then V (E, ηω−1p )
Gwv is trivial since ηω−1p is ramified at v. Therefore,
we need to show that corankOEH
1(Ok,Smin ,W ) = corankOEH1(Ok,P , α∗W ) for 1-dimensional η.
The first term of (2.20), with i = 1 and S = Smin, is finite since Gal(kv/kv) acts non-trivially on W .
On the other hand, for any finite Abelian extension K of kv, the coranks of H
1(Gal(K/K), E/OE(1)) and
⊕ψH1(Gal(kv/kv),W (E,ψ)(1)) are the same, where the sum runs over all characters ψ : Gal(kv/kv) → E
that are irreducible over E and factor through Gal(K/kv). Since
H1(Gal(K/K), E/OE(1)) ≃ E/OE ≃ H1(Gal(kv/k), E/OE(1))
by [27, Theorem 7.3.10(ii)], W ≃ W (E, ηω−1p )(1) by Remark 2.2(1) and ηω−1p is non-trivial on Gal(kv/kv)
for v in Z, we see that H1(Gal(kv/kv),W ) is finite for all such v. By (2.20), with i = 1 and S = Smin, it
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follows that the coranks of H1(Ok,P , β!W ) and H1(Ok,Smin ,W ) are equal. Moreover, in this case, the groups
Hi(Gal(Fv/Fv),W Iwv ) in (2.22) are also finite since W Iwv is finite. Therefore, from the long exact sequence
associated to (2.21) it follows that the coranks of H1(Ok,P , α∗W ) and H1(Ok,P , β!W ) are the same. This
completes the proof. 
We need the following lemmas in order to prove Theorem 1.4(2), and also to show that Definition 5.1 is
independent of the choice of lattice. Here, for a Gk-module A and a place v in Σ∞, we let A+,v = H0(kv, A).
Lemma 2.23. Let A be a finite Abelian group with continuous GS-action and #A in O×k,S . Then
(2.24)
#H0(GS , A) ·#H2(GS , A)
#H1(GS , A)
= (#A)−[k:Q] ·
∏
v∈Σ∞
(#A+,v) .
For non-trivial A, this last quantity equals 1 if and only if k is totally real and every complex conjugation in
Gk acts trivially on A.
Proof. By [27, Theorem 8.3.20(i)] the groupsHi(GS , A) for i ≥ 0 are finite, and by the Global Euler-Poincare´
Characteristic formula [27, 8.7.4] we have
#H0(GS , A) ·#H2(GS , A)
#H1(GS , A)
=
∏
v∈Σ∞
#H0(kv, A)
||#A||v ,
where ||n||v = n if v is real and ||n||v = n2 if v is complex. This proves the first claim, and the second claim
follows immediately. 
Lemma 2.25. Let O be the valuation ring of a finite extension of Qp. Suppose that 0→ A1 → A2 → A3 → 0
is a short exact sequence of cofinitely generated O-modules with continuous GS-action, with A1 finite. Then
(1) the size of the image of the connecting map δ : H2(GS , A3)→ H3(GS , A1) is bounded by a constant
depending only on the number of generators of A1 and the number of real places of k;
(2) δ is trivial if and only if (A2)+,v → (A3)+,v is surjective for all v in Σ∞. In this case we have a
nine-term exact sequence
0→ H0(GS , A1)→ H0(GS , A2)→ H0(GS , A3)→ · · ·
· · · → H2(GS , A1)→ H2(GS , A2)→ H2(GS , A3)→ 0 .
Proof. By [27, 8.6.10(ii)] we have H3(GS , A1) ≃
∏
v∈Σ∞ H
3(kv, A1) ≃
∏
v∈Σ∞ H
1(kv, A1), the size of which
is, by Lemma 2.9, bounded by a constant depending only on the number of generators of A1 and the number
of real places of k. This proves part (1). For part (2), we see this way that δ is trivial if and only if
H1(kv, A1)→ H1(kv, A2) is injective for all v in Σ∞, and this is true if and only if H0(kv, A2)→ H0(kv, A3)
is surjective for all v in Σ∞. 
We shall now finish the proof of Theorem 1.4 by proving Propositions 2.26, 2.27 and 2.28.
Proposition 2.26. Fix e in Bk(E). Then H
2(Ok,S ,W (E, η)〈1 − e〉) is p-divisible for p 6= 2. If p = 2 then
H2(Ok,S ,W (E, η)〈1 − e〉) ≃ 2H2(Ok,S ,W (E, η)〈1 − e〉)⊕
⊕
v∈Σ∞
W (E, η)+,v/2 ,
and 2H2(Ok,S ,W (E, η)〈1− e〉) is 2-divisible.
Proof. If p 6= 2 then this follows from Lemma 2.25(2) applied to (2.11) with a = p, so let us take p =
2. By the structure of cofinitely generated OE -modules we have H2(Ok,S ,W (E, η)〈1 − e〉) ≃ A ⊕ B
with A 2-divisible and B finite. Take n ≥ 1 such that H2(Ok,S ,W (E, η)〈1 − e〉)/2n ≃ B. Note that
H3(Ok,S ,W (E, η)[2n]〈1 − e〉) ≃ ⊕v∈Σ∞H3(kv,W (E, η)[2n]〈1 − e〉) is killed by multiplication by 2, so from
the long exact sequence associated to (2.11) with a = 2n we see 2B = 0, hence A = 2H2(Ok,S ,W (E, η)〈1−e〉).
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On the other hand,
B ≃ H2(Ok,S ,W (E, η)〈1− e〉)/2
≃ ker (H3(Ok,S ,W (E, η)[2]〈1 − e〉)→ H3(Ok,S ,W (E, η)〈1 − e〉))
≃ ⊕v∈Σ∞ ker
(
H3(kv,W (E, η)[2]〈1 − e〉)→ H3(kv,W (E, η)〈1 − e〉)
)
≃ ⊕v∈Σ∞ ker
(
H1(kv,W (E, η)[2]〈1 − e〉)→ H1(kv,W (E, η)〈1 − e〉)
)
≃ ⊕v∈Σ∞W (E, η)〈1− e〉+,v/2 ≃ ⊕v∈Σ∞W (E, η)+,v/2 ,
where we used that W (E, η)〈1 − e〉+,v =W (E, η)+,v since ψ〈〉p is trivial on every complex conjugation. 
Proposition 2.27. For e in Bk(E), with
ri,S(1− e, η) = corankOEHi(GS ,W (E, η)〈1 − e〉)
one has
2∑
i=0
(−1)iri,S(1 − e, η) = − [k : Q] · corankOEW (E, η)
+
∑
v∈Σ∞
corankOEW (E, η)+,v ,
which is independent of e and non-positive. It is zero if and only of k is totally real and η is even. Moreover,
ri,S(1− e, η) is independent of S for i = 0, and also for i = 1, 2 if e 6= 0.
Proof. Note that an OE-module A is cofinitely generated as an OE-module if and only if the same holds as
a Zp-module, and in this case corankZpA = [E : Qp] · corankOEA.
Write W for W (E, η)〈1 − e〉, so that W+,v = W (E, η)+,v as in the proof of Proposition 2.26. For
i = 0, 1, 2, let ri be an integer and Xi a finite Zp-module such that Hi(GS ,W ) ≃ (Qp/Zp)ri × Xi and let
d = [k : Q] · corankZpW −
∑
v∈Σ∞ corankZpW+,v. We need to show r0 − r1 + r2 = −d.
Let n > 0 be such that pn annihilates Xi for i = 0, 1, 2, as well as the torsion in (W+,v)
∨ for every v in
Σ∞. Since (W [pn])+,v = W+,v[pn], the right-hand side of (2.24) with A = W [pn] equals p−nd+c for some c
independent of n.
On the other hand, consider the long exact sequence associated to (2.11) with a = pn. We get an
isomorphism H0(GS ,W [p
n]) ≃ H0(GS ,W )[pn] and the two short exact sequences
0→ H0(GS ,W )/pn → H1(GS ,W [pn])→ H1(GS ,W )[pn]→ 0
and
0→ H1(GS ,W )/pn → H2(GS ,W [pn])→ H2(GS ,W )[pn]→ 0 .
Therefore the left-hand side of (2.24) for A =W [pn] equals
#H0(GS ,W [p
n]) ·#H2(GS ,W [pn])
#H1(GS ,W [pn])
=
#H0(GS ,W )[p
n] ·#H2(GS ,W )[pn] ·#X1
#H1(GS ,W )[pn] ·#X0
= p(r0−r1+r2)n+c
′
for some c′ independent of n. Hence r0 − r1 + r2 = −d by Lemma 2.23, proving the displayed equality.
Independence of e is then obvious. Comparing the coranks of W (E, η) and W (E, η)+,v as OE-modules it is
easy to see when the right-hand side is non-positive and when it is zero. The last statement follows from
Remark 2.13(5) and Proposition 2.17(1). 
We next prove a result on H0(Ok,S ,W (E, η)〈1 − e〉). Recall from just before Theorem 1.4 that Bη(E)
equals Bk(E) if η does not contain the trivial character, and equals Bk(E) \ {1} if it does.
Proposition 2.28. Let k be a number field, E a finite extension of Qp, and η : Gk → E an Artin character
realizable over E. Assume that S contains P as well as all the primes at which η is ramified. Then the
following hold.
13
(1) For e in Bη(E), H
0(Ok,S ,W (E, η)〈1 − e〉) is finite and its size is a locally constant function of e.
(2) The corank of H0(Ok,S ,W (E, η)) equals the multiplicity of the trivial character in η.
Proof. For part (1), let ρ : Gk → GL(V ) realize η on a finite dimensional E-vector space V and let K
be the fixed field of the kernel of ρ. Since M = M(E, η) is torsion-free, we have a short exact sequence
0→ M → V → W → 0 with W = W (E, η). Let g1, . . . , gn in Gk be lifts of the elements in Gal(K/k), and
let g0 in Gk be a lift of a topological generator of Gal(K∞/K) ⊆ Gal(K∞/k). Then we have a commutative
diagram
0 //M //
ΦM,e

V //
ΦV,e

W //
ΦW,e

0
0 // Mn+1 // V n+1 // Wn+1 // 0
of OE [Gk]-modules, where Φ∗,e is given by
(id−ψ〈〉p (g0)1−e id)× (id−ψ〈〉p (g1)1−eρ(g1))× · · · × (id−ψ〈〉p (gn)1−eρ(gn))
with ψ
〈〉
p as in (1.2), and H0(Ok,S ,W (E, η)〈1− e〉) = ker(ΦW,e) because the action of Gk factorizes through
its quotient Gal(K∞/k). Note that ΦV,e is injective: if e 6= 1 then id−ψ〈〉p (g0)1−e id is an automorphism
of V (E, η), and if e = 1 and η does not contain the trivial character then it follows by considering the
other components of ΦV,1. Hence H
0(Ok,S ,W (E, η)〈1 − e〉) = ker(ΦW,e) is isomorphic as OE-module with
the torsion in coker(ΦM,e), hence is finite. If we fix an isomorphism M(η,E) ≃ OdE of OE-modules, where
d = dimE V (E, η), then ΦM,e is identified with an (nd+d)×d-matrix Ae with entries in OE . The ideal Ie of
OE generated by the determinants of the d × d-minors of Ae is not the zero ideal because ΦV,e is injective,
hence #H0(Ok,S ,W (E, η)〈1− e〉) = #coker(ΦM,e)tor = #OE/Ie. Clearly, Ie′ = Ie for all e′ in Bη(E) close
enough to e. This proves part (1).
For part (2), write η = sη0 + η
′, where η′ does not contain the trivial character η0, and is realizable over
E. Then by Remark 2.13(1) we may choose M(E, η) = M(E, η′) ⊕OsE . Since H0(Ok,S ,W (E, η′)) is finite
by part (1) we find the corank of H0(Ok,S ,W (E, η)) equals that of H0(Ok,S , (E/OE)s) ≃ (E/OE)s, which
is s. 
We have now proved all the statements of Theorem 1.4: part (1) is Proposition 2.12, part (2) follows from
Remark 2.13(1) and Proposition 2.27, part (3) is Proposition 2.28 and part (4) is Proposition 2.26.
To conclude this section, we describe Hi(Ok,S ,W (E, η)〈1 − e〉) for i = 0, 1 when it is finite by means of
cohomology groups with finite coefficients, and discuss how its structure varies with e. By Theorem 1.4(2),
for i = 1 this can only apply when k is totally real and η is even, when this group is also finite for i = 0,
and, by Proposition 2.26, trivial for i = 2.
Proposition 2.29. Let k be a number field, p a prime number, E a finite extension of Qp, and η : Gk → E
an Artin character realizable over E.
(1) Assume that H0(Ok,S ,W (E, η)〈1 − e〉) is annihilated by a0 6= 0 in OE . Then
(a) H0(Ok,S ,W (E, η)[a0]〈1 − e〉) ≃ H0(Ok,S ,W (E, η)〈1− e〉) as OE-modules under the natural map;
(b) if, for e′ in Bη(E), a0 also annihilates H0(Ok,S ,W (E, η)〈1 − e′〉), and qek − qe
′
k is in a0OE, then
H0(Ok,S ,W (E, η)〈1 − e′〉) ≃ H0(Ok,S ,W (E, η)〈1 − e〉)
as OE-modules.
(2) Assume that H1(Ok,S ,W (E, η)〈1 − e〉) is annihilated by a1 6= 0 in OE . Then
(a) #H1(Ok,S ,W (E, η)〈1 − e〉) = #H
1(Ok,S ,W (E, η)[a1]〈1 − e〉)
#H0(Ok,S ,W (E, η)[a1]〈1 − e〉) ;
(b) if H0(Ok,S ,W (E, η)〈1 − e〉) is annihilated by a0 6= 0 in OE then H1(Ok,S ,W (E, η)〈1 − e〉) ≃
coker(fa0,a1) as OE-modules, with
fa0,a1 : H
0(Ok,S ,W (E, η)[a0]〈1 − e〉)→ H1(Ok,S ,W (E, η)[a1]〈1− e〉)
the boundary map in the long exact sequence corresponding to the short exact sequence
(2.30) 0→W (E, η)[a1]〈1− e〉 →W (E, η)[a0a1]〈1 − e〉 a1→W (E, η)[a0]〈1− e〉 → 0 ,
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and fa0,a1 is injective if and only if H
0(Ok,S ,W (E, η)〈1 − e〉) is annihilated by a1 as well.
(c) If, for e′ in Bη(E), a1 also annihilates H1(Ok,S ,W (E, η)〈1 − e′〉), and qek − qe
′
k is in a0a1OE, then
(2.31) H1(Ok,S ,W (E, η)〈1 − e′〉) ≃ H1(Ok,S ,W (E, η)〈1 − e〉)
as OE-modules.
Proof. Parts (1)(a) and (2)(a) are immediate from the long exact sequence associated to (2.11) with a
replaced with ai.
For (2)(b), we compare the long exact sequences associated to (2.30) and to (2.11) with a replaced with
a1 via the natural map between them. This gives the commutative diagram (with H
i(Ok,S ,W (E, η)〈1− e〉)
abbreviated to Hi(W ) and similarly for the other coefficients)
· · · // H0(W [a0a1]) a1 //
≃

H0(W [a0])
fa0,a1
//
≃

H1(W [a1]) // H
1(W [a0a1])
a1
//

· · ·
· · · // H0(W ) a1 // H0(W ) // H1(W [a1]) // H1(W ) a1 // · · ·
where we used (1)(a) for some vertical maps, and the result is immediate as multiplication on H1(W ) is the
zero map by assumption.
Parts (1)(b) and (2)(c) follow from (1)(a) and (2)(b) by using that W (E, η)[b]〈1− e′〉 ≃W (E, η)[b]〈1− e〉
as OE [Gk]-modules if b 6= 0 lies in OE and qek − qe
′
k lies in bOE . 
Remark 2.32. Let notation and assumptions be as in part (2)(b) of Proposition 2.29. Comparing the long
exact sequences associated to (2.11) for a = a1 and a = a0a1, one sees that H
1(Ok,S ,W (E, η)[a0a1]〈1− e〉)
is the direct sum of the image of the natural map
H1(Ok,S ,W (E, η)[a1]〈1 − e〉)→ H1(Ok,S ,W (E, η)[a0a1]〈1− e〉)
and that of the (injective) connecting map H0(Ok,S ,W (E, η)〈1 − e〉) → H1(Ok,S ,W (E, η)[a0a1]〈1 − e〉).
Therefore H1(Ok,S ,W (E, η)〈1 − e〉) can be obtained as a direct summand, i.e.,
H1(Ok,S ,W (E, η)[a0a1]〈1− e〉)
≃H1(Ok,S ,W (E, η)〈1 − e〉)⊕H0(Ok,S ,W (E, η)〈1 − e〉) .
For b 6= 0 in OE , the natural map
H1(Ok,S ,W (E, η)[a0a1]〈1− e〉)→ H1(Ok,S ,W (E, η)[ba0a1]〈1− e〉)
corresponds to multiplication by b onH0(Ok,S ,W (E, η)〈1−e〉) and the identity map onH1(Ok,S ,W (E, η)〈1−
e〉).
Remark 2.33. Let the notation and assumptions be as in Proposition 2.29.
(1) Let a 6= 0 be in OE but not in O×E , so that W (E, η)[a] 6= 0. Using Theorem 1.4(3) and the long exact
sequence associated to (2.11), one sees that
H1(Ok,S ,W (E, η)[a]〈1 − e〉)→ H1(Ok,S ,W (E, η)〈1 − e〉)
is injective if and only if H0(Ok,S ,W (E, η)〈1 − e〉) = 0.
(2) If a 6= 0 in OE annihilates Hi(Ok,S ,W (E, η)〈1− e〉) for i = 0 and 1, then from parts (1)(a) and (2)(a)
of Proposition 2.29 we obtain
#H0(Ok,S ,W (E, η)〈1− e〉)
#H1(Ok,S ,W (E, η)〈1− e〉) =
#H0(Ok,S ,W (E, η)[a]〈1 − e〉)2
#H1(Ok,S ,W (E, η)[a]〈1 − e〉) .
(3) The isomorphism in (2.31) is natural, but some isomorphism must already exist if qek − qe
′
k is only in
the intersection a0OE ∩ a1OE (as opposed to the product a0a1OE). Namely, from the long exact sequence
associated to (2.11) we find, for a 6= 0 in OE ,
#H1(Ok,S ,W (E, η)〈1− e〉)[a] = #H
1(Ok,S ,W (E, η)[a]〈1 − e〉)
#H0(Ok,S ,W (E, η)[a]〈1 − e〉)
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and similarly with e replaced with e′. Applying this with a the powers of a uniformizer of OE , the result
follows from the classification of finite OE-modules as direct sums of cyclic modules.
3. p-adic L-functions
Notation 3.1. Throughout this section, k is a number field, p a prime number, E a finite extension of Qp
with valuation ring OE, and η : Gk → E the character of an Artin representation. We let P denote the set
of primes of k lying above p.
First assume that η is 1-dimensional. Fixing an embedding σ : E → C, it follows from [26, VII Corollary
9.9] that L(m,σ ◦ η, k) for an integer m ≤ 0 is in E and that the value
(3.2) L∗(m, η, k) := σ−1(L(m,σ ◦ η, k))
is independent of the choice of σ.
Now we want to show this for η of arbitrary dimension. By what we have just proved we may assume
that η does not contain the trivial character. If L(m,σ ◦ η, k) = 0 for m ≤ 0 and some σ then the same holds
for every σ because such a zero will be determined by the Γ-factors in the functional equation which in turn
are determined by σ ◦ η(idk) and the multiplicities of the eigenvalues ±1 of the complex conjugations. We
may therefore assume that L(m,σ ◦ η, k) 6= 0 for every σ. Because η does not contain the trivial character,
we see as just after (1.1) that this is the case if and only if k is totally real and
(3.3) σ ◦ η(c) = (−1)m−1σ ◦ η(idk)
for every complex conjugation in Gk, which is independent of σ. Then ηω
m−1
p is even, so it factorizes
through some Gal(K/k) with K/k totally real and finite. Using Brauer’s theorem (see [31, Theorems 16
and 19]) we can write ηωm−1p =
∑
i ai Ind
k
ki(χi) for 1-dimensional Artin characters χi : Gki → E′ and
integers ai, where k ⊆ ki ⊆ K, so χi is even, and E′ is a suitable finite Galois extension of E. Then
η =
∑
i ai Ind
k
ki(ηi) with ηi = χiω
1−m
p , and (3.3) applies with η replaced with ηi (cf. the more complicated
version of Brauer’s theorem used in the proof of [11, Theorem 1.2]). As induction of characters is compatible
with applying σ : E′ → C, we find σ−1(L(m,σ ◦ Indkki(ηi), ki)) = σ−1(L(m,σ ◦ ηi, ki)) is in E′×. Since this is
independent of σ, the same holds for the value in (3.2) for the current η, and this value lies in E× because
τL∗(m, η, k) = L∗(m, τη, k) = L∗(m, η, k) for all τ in Gal(E′/E).
We also define, for arbitrary η, v a finite prime of k, and m in Z, the reciprocal Euler factor Eul∗v(m, η, k).
For this, let V be an Artin representation of Gk over a finite extension E
′ of E with character η, Dw the
decomposition group in Gk of a prime w lying above v, with inertia subgroup Iw and Frobenius Frw. With
Fv(t, η) the determinant of 1− Frwt we let
(3.4) Eul∗v(m, η, k) = Fv(Nm(v)
−m, η) .
Clearly Fv(t, η) has coefficients in OE , and is independent of the choice of V , w and Frw.
As in Notation 2.1, we let k∞ denote the cyclotomic Zp-extension of k, γ0 a topological generator of
Gal(k∞/k), and let qk = ψ
〈〉
p (γ˜0) in 1 + 2pZp, where γ˜0 is a lift of γ0 to Gk.
Now assume k is totally real and that χ is even and 1-dimensional. Then there exists a unique Cp-valued
function Lp(s, χ, k) on
Bk = {s in Cp with |s|p < |qk − 1|−1p p−1/(p−1)}
that is analytic if χ is non-trivial and meromorphic with at most a pole of order 1 at s = 1 if χ = 1 , such
that, in Cp,
(3.5) Lp(m,χ, k) = L
∗(m,χωm−1p , k)
∏
v∈P
Eul∗v(m,χω
m−1
p , k)
for all integersm ≤ 0. (For the existence and uniqueness of such functions we refer to the overview statement
in [4, Theorem 2.9], and for the radius of convergence to [18, p.82].) In particular, Lp(s, χ, k) is not identically
zero because χ is even, so that the right-hand side of (3.5) is non-zero for m < 0.
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If χ factorizes through Gal(k∞/k), we let hχ(T ) = χ(γ˜0)(1 + T )− 1 where γ˜0 is a lift of γ0 to Gk, and we
let hχ(T ) = 1 otherwise. Then from [18, Eq. (3)] we have an identity
(3.6) Lp(s, χ, k) =
pimχ g˜χ(q
1−s
k − 1)uχ(q1−sk − 1)
hχ(q
1−s
k − 1)
for s in Bk if χ is not the trivial character and in Bk \ {1} if it is, where pi is a uniformizer of OE , mχ a
non-negative integer, g˜χ(T ) a distinguished polynomial in OE [T ] and uχ(T ) a unit of OE [[T ]].
If χ : Gk → E is any even Artin character, with k still totally real, then we can write χ, as we did
following (3.3), in terms of even 1-dimensional characters of totally real number fields (enlarging E to E′
if necessary). This gives a meromorphic function Lp(s, χ, k) on Bk such that, for all m < 0 (and possibly
for m = 0), Lp(m,χ, k) is defined, non-zero, and (3.5) holds in E. This interpolation property shows that
Lp(s, χ, k) is independent of the way we write χ in terms of induced characters, hence Lp(s, χ, k) is compatible
with induction of characters. Using the action of Gal(Qp/E) and the p-adic Weierstraß preparation theorem
for OE′ [[T ]] one sees easily that
(3.7) Lp(s, χ, k) = pi
mχPχ(q
1−s
k − 1)uχ(q1−sk − 1)/Qχ(q1−sk − 1)
with pi a uniformizer of OE , mχ an integer, Pχ(T ) and Qχ(T ) relatively prime distinguished polynomials in
OE [T ], and uχ(T ) in OE [[T ]]×. So if Lp(s, χ, k) is defined at some s in Bk(E) = Bk ∩ E (see (1.3)), then
its value lies in E.
Remark 3.8. Greenberg has shown [18, Proposition 5] that the main conjecture of Iwasawa theory for the
prime p (i.e., the statements in Theorem 4.2 and Remark 4.3 for p) implies that in (3.7) one can take Qχ[T ]
to be a product of factors ζ · (1 + T )− 1 with ζ a p-th power root of unity. Moreover, the number of factors
with ζ = 1 is at most the multiplicity m of the trivial character in χ, so that (s− 1)mLp(s, χ, k) is analytic
on Bk. We could use this for p 6= 2 by Theorem 4.2 and Remark 4.3, but as mentioned in the introduction,
we take a uniform approach for all primes based on Theorem 4.2 and Assumption 4.4.
Remark 3.9. Note that if G(t) is a polynomial with coefficients in a finite extension E of Qp, qk is in
1 + 2pZp, and G(qsk − 1) = 0 for some s in Bk, then qsk lies in a finite extension E′ of E inside Qp, hence s
lies in Bk(E
′). Therefore any zero or pole of Lp(s, χ, k) lies in some Bk(E′) with E′/Qp finite.
In order to extend (3.5) to truncated L-functions we now introduce some more notation. We shall denote
the image of z in Z×p under the projection Z
×
p = (1 + 2pZp) · µϕ(2p) → 1 + 2pZp by 〈z〉. Then mapping s to
〈z〉s defines an analytic function on {s ∈ Cp with |s|p < |〈z〉 − 1|−1p p−1/(p−1)}, and |〈z〉s − 1|p < p−1/(p−1).
Now let k be any number field, and η : Gk → E an Artin character. For a finite place v of k not in P , we
define a p-adic ‘diamond reciprocal Euler factor’ Eul〈〉v (s, η, k) = Fv(〈Nm(v)〉−s, η) (cf. (2.16)), i.e., we use
〈Nm(v)〉 instead of Nm(v) in the definition of Eul∗v(m, η, k) in (3.4), which allows us to replace the integer
m with s. With notation as just before (3.4), we observe that twisting the representation of Gk on V with
ω−mp for m in Z gives a Gk-action on V with character ηω
−m
p , and V
Iw is the same for both actions because
ωp is unramified at v. Since ψp(Frw) = Nm(v) we have ωp(Frw) = Nm(v)/〈Nm(v)〉, hence
(3.10) Fv(〈Nm(v)〉−m, ηω−mp ) = Fv(Nm(v)−m, η)
in E. Therefore Eul〈〉v (s, ηω
−1
p , k) is a p-adic analytic function interpolating the values Eul
∗
v(m, ηω
m−1
p , k) for
m in Z. It converges on Bk since 〈Nm(v)〉−s = ψ〈〉p (Frw)−s converges on this domain.
Remark 3.11. Since the eigenvalues of Frobenius are roots of unity, and 〈Nm(v)〉−s is only a root of unity
for s = 0, Eul〈〉v (s, η, k) 6= 0 for s 6= 0. Moreover, the order of vanishing of Eul〈〉v (s, η, k) at s = 0 equals the
dimension of (V Iw )Frw=1 where V realizes η (cf. Proposition 2.17(2)).
We now return to the case where k is totally real and χ is even. If S is a finite set of primes of k containing
P , then we define a meromorphic p-adic L-function Lp,S on Bk by putting
(3.12) Lp,S(s, χ, k) = Lp(s, χ, k)
∏
v∈S\P
Eul〈〉v (s, χω
−1
p , k)
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(cf. [17, Section 3, p.147]). Note that Lp(s, χ, k) = Lp,P (s, χ, k), the latter being a better notation. Finally,
for an integer m < 0 (and possibly for m = 0), Lp,S(s, χ, k) is defined at m, and in E we have
(3.13) Lp,S(m,χ, k) = L
∗
S(m,χω
m−1
p , k)
where L∗S(m,χω
m−1
p , k) = L
∗(m,χωm−1p , k)
∏
v∈S Eul
∗
v(m,χω
m−1
p , k).
Remark 3.14. Suppose that k′/k is a finite extension of number fields and ψ : Gk′ → E an Artin character.
For a finite prime v of k not in P one has Eul〈〉v (s, (Ind
k
k′ ψ)ω
−1
p , k) =
∏
w|v Eul
〈〉
w (s, ψω
−1
p , k
′), because Eul〈〉v
interpolates the values of Eul∗v as just after (3.10), and for those an analogous result holds. Therefore, if k
′
is totally real and χ : Gk′ → E is an even Artin character, then Lp,S(s, Indkk′ χ, k) = Lp,S′(s, χ, k′) where S′
is the set of primes of k′ consisting of all the primes lying above those in S.
Remark 3.15. If f(T ) 6= 0 is in OE [[T ]] then the power series g(s) = f(q1−sk −1) =
∑
n≥0 ans
n converges on
Bk and |an|p ≤ |qk−1|nppn/(p−1). With E′ = E(δ) for some δ algebraic over E with |δ|p = |qk−1|−1p p−1/(p−1),
we find that g(δs′) is in OE′ [[s′]], so can be written as pilE′P (s′)u(s′) with piE′ a uniformizer of E′, l a non-
negative integer, P (s′) a distinguished polynomial in OE′ [s′], and u(s′) in OE′ [[s′]]×. By the discussion
following (3.10), the same argument can be applied to a factor Eul〈〉v (s, χω
−1
p , k) = Fv(〈Nm(v)〉−s, χω−1p )
in (3.12). From (3.7) and (3.12) we have, for s in Bk,
Lp,S(s, χ, k) = pi
l
E′
P (s/δ)
Q(s/δ)
u(s/δ)
with l in Z, P (s′) and Q(s′) distinguished polynomials in OE′ [s′], and u(s′) in OE′ [[s′]]×, so that all the
zeroes and poles here come from P (s′)/Q(s′). Therefore Lp,S(s, χ, k), which equals Lp(s, χ, k) if S = P , is
analytic (i.e., given by a power series that converges on Bk) if and only if it is bounded on Bk(E) for all
finite extensions E of Qp.
4. Iwasawa theory
In this section we discuss the main conjecture of Iwasawa theory and prove some lemmas for later use.
Let k be a totally real number field, p a prime number, E a finite extension of Qp, χ : Gk → E an even
Artin character, K the (totally real) fixed field of the kernel of χ, and G = Gal(K/k). As in Notation 2.1
we let k∞ and K∞ be the cyclotomic Zp-extensions of k and K respectively, γ0 a topological generator of
Γ0 = Gal(k∞/k). Let L∞ be the maximal Abelian pro-p-extension of K∞ that is unramified outside of the
primes above p and the infinite primes. Write M = Gal(L∞/K∞) and let Gal(K∞/k) act on the right on
M by conjugation.
Now assume that K ∩ k∞ = k, so that Gal(K∞/k) ≃ G × Γ0. We let Γ0 and G act on M via this
isomorphism, and thus view M as a Zp[G][[T ]]-module where T acts as γ0 − 1.
L∞
M
③③
③③
③③
③③
K∞
G≃
③③
③③
③③
③③ ≃Γ0
❉❉
❉❉
❉❉
❉❉
k∞
〈γ0〉=Γ0 ❉❉❉
❉❉
❉❉
❉❉
K
G
②②
②②
②②
②②
②
k
In the remainder of this section we assume χ is 1-dimensional. Then [34, Theorem 13.31] implies that
M⊗Zp[G] OE is a finitely generated torsion OE [[T ]]-module, where T acts on M, and G acts on OE via χ.
Definition 4.1. Suppose O is the valuation ring in a finite extension of Qp. If Y is a finitely generated
torsionO[[T ]]-module then by [6, Thm. 5 of §4.4] it is isogenous to A⊕B (i.e., there is a morphism Y → A⊕B
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of O[[T ]]-modules with finite kernel and cokernel), with
A =
r⊕
i=1
O[[T ]]
(piµi)
; B =
s⊕
j=1
O[[T ]]
(gj(T ))
,
where pi is a uniformizer of O, r, s ≥ 0, the µi are positive integers, and the gj(T ) are distinguished
polynomials in O[T ]. We let µY =
∑r
i=1 µi and gY =
∏s
j=1 gj .
We denote the gY and µY in Definition 4.1 for Y =M⊗Zp[G]OE and O = OE by gχ and µχ respectively.
Then the following result is part of the main conjecture of Iwasawa theory as proved by Wiles for p odd in
[35].
Theorem 4.2. If p does not divide [K : k] and p 6= 2 then, with notation as in (3.6), gχ(T ) = g˜χ(T ) and
µχ = mχ.
Proof. The first equality is proved in [35, Theorem 1.3], which is equivalent to [35, Theorem 1.2] via [17,
Proposition 3]. Note that in [17] Greenberg uses the direct limit of class groups in the cyclotomic tower, but
this is isogenous to the Galois group of the maximal Abelian unramified extension ofK∞ by [20, Theorem 11].
The equality of the µ-invariants follows from [35, Theorem 1.4]. Note that by [17, Proposition 1], combined
with [20, Theorem 11], we have that µχ equals the µ-invariant considered in [35, Theorem 1.4]. 
Remark 4.3. If p divides [K : k] but K ∩ k∞ = k, then
M⊗Zp[G] E ≃
s⊕
j=1
E[[T ]]/(gj(T )) ≃
s⊕
j=1
E[T ]/(gj(T ))
for some distinguished polynomials gj(T ) in OE [T ], and, when p 6= 2, g˜χ =
∏s
j=1 gj by [35, Theorem 1.2,1.3].
Our proofs in Section 5 will also work for p = 2 if we assume the following weaker version of the main
conjecture of Iwasawa theory.
Assumption 4.4. If p = 2 and χ is of odd order then g˜χ(T ) = gχ(T ) and mχ = µχ.
Remark 4.5. Let χ be a 1-dimensional even Artin character of Gk such that K ∩ k∞ = k, and assume
p = 2. If k = Q then by [35, Theorem 6.2] we have g˜χ(T ) = gχ(T ) as well. In fact, this still holds for many
more pairs (k, χ) by [35, Theorem 11.1]. We also note that mχ ≥ [k : Q] by [29, (4.8)]. On the other hand,
if k is Abelian over Q and χ the trivial character, then by combining the main theorem on [12, p.377] with
[30, Section 6.4], we have µχ = [k : Q], hence mχ ≥ µχ. Equality holds when k = Q because then mχ = 1
by [34, Lemma 7.12].
We shall later use the following lemma about the structure of finitely generated torsion O[[T ]]-modules.
Lemma 4.6. Let O be the valuation ring in a finite extension of Qp, Y a finitely generated torsion O[[T ]]-
module, so Y is isogenous to A⊕B with
A =
r⊕
i=1
O[[T ]]
(piµi)
; B =
s⊕
j=1
O[[T ]]
(gj(T ))
,
where pi is a uniformizer of O, r, s ≥ 0, the µi are positive integers, and the gj(T ) are distinguished poly-
nomials in O[T ]. Suppose that Γ ≃ Zp acts on Y such that a topological generator acts as multiplication by
u · (1 + T ) for some u in 1 + piO. Then the following are equivalent.
(1) Y Γ is finite;
(2) YΓ is finite;
(3) gY (u
−1 − 1) 6= 0.
In particular, these are satisfied for all but finitely many u in 1 + piO. Moreover, if these hold, then
(#YΓ)/(#Y
Γ) = |piµY gY (u−1 − 1)|−[Frac(O):Qp]p .
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Proof. For any µ ≥ 1, we have a short exact sequence
0 //
O[[T ]]
(piµ)
u·(1+T )−1
//
O[[T ]]
(piµ)
//
O
(piµ)
// 0.
This shows that AΓ = 0 and that AΓ ≃
⊕r
i=1O/(piµi). Similarly we get
BΓ ≃
s⊕
j=1
O
(gj(u−1 − 1)) .(4.7)
Note that the O-ranks of BΓ and BΓ both equal the number of gj with gj(u−1− 1) = 0, and that BΓ has
no non-trivial finite subgroup. Therefore BΓ is finite if and only if B
Γ is finite, hence trivial. From (4.7) it
is clear that BΓ is finite if and only if gY (u
−1 − 1) 6= 0. Since gY is a polynomial, this last condition holds
for all but finitely many u in 1 + piO.
Let Y ′ be a quotient of Y by a finite submodule such that Y ′ injects into A⊕B. Note that finiteness of
Y Γ (resp. YΓ) is equivalent to that of (Y
′)Γ (resp. (Y ′)Γ). We have an exact sequence of O[[T ]]-modules,
0→ Y ′ → A⊕B → C → 0,
where C is a finite O[[T ]]-module. Since AΓ is finite it follows that (Y ′)Γ is finite if and only if BΓ is finite.
Also, because AΓ is trivial, (Y ′)Γ is finite if and only if BΓ is finite, hence (1), (2) and (3) are equivalent.
Moreover, in this case note that (Y ′)Γ is trivial, #CΓ = #CΓ, and therefore
#YΓ
#Y Γ
= #(Y ′)Γ = #AΓ ·#BΓ = |piµY gY (u−1 − 1)|−[Frac(O):Qp]p .

5. Multiplicative Euler characteristics and p-adic L-functions
In this section we prove Theorem 1.8, formulate Conjecture 5.19 (which would imply Conjecture 1.9) and
briefly discuss the case of a 1-dimensional even Artin character in Example 5.21. Note that Theorem 1.8(3)
implies Proposition 2.29 applies for almost all e.
We use notation as in Notation 2.1. Also, for any Artin character η of Gk we let kη denote the fixed field
of the kernel of the corresponding representation.
As seen in Remark 2.2(2) and (3), the size of Hi(Ok,S ,W (E,χ)〈1−e〉) for i = 0 can depend on the choice
of the lattice M(E,χ). We shall see that a (modified) multiplicative Euler characteristic can be defined
independent of this choice when those cohomology groups are finite for i = 0, 1 and 2. By Proposition 2.27,
this can only happen when k is totally real and the character even, so it will be denoted by χ. For i = 2 the
finiteness of the cohomology group then implies it is trivial, so that the sizes for i = 0 and i = 1 depend on
the choice of the lattice in the same way.
Definition 5.1. Let E be a finite extension of Qp, k a totally real number field, χ : Gk → E an even Artin
character realizable over E, and e in Bk(E). If H
i(Ok,S ,W (E,χ)〈1 − e〉) is finite for i = 0, 1 and 2 then it
is trivial for i = 2 by Proposition 2.26, and we define
ÊCp,S(e, χ, k) =
(
2∏
i=0
(
#Hi(Ok,S ,W (E,χ)〈1 − e〉)
)(−1)i)1/[E:Qp]
=
(
#H0(GS ,W (E,χ)〈1 − e〉)
#H1(GS ,W (E,χ)〈1 − e〉)
)1/[E:Qp]
.
Remark 5.2. By Remark 2.8, if p 6= 2 then ÊCp,S(e, χ, k) is a (modified) Euler characteristic, but if p = 2
then it is truncated. For p = 2, because every complex conjugation acts trivially, Hi(kv,W (E,χ)〈1− e〉) for
i ≥ 3 is trivial if i is even since W (E,χ)〈1 − e〉 is 2-divisible, and isomorphic with W (E,χ)[2] for i odd.
Remark 5.3. (1) Definition 5.1 for a fixed E is independent of the choice of the lattice M = M(E,χ).
Namely, if M ′ is another lattice for the same representation, then we obtain an exact sequence (2.14). The
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Hi(Ok,S , (M ′ ⊗Zp Qp/Zp)〈1 − e〉) are finite for i = 0, 1 and 2 by Remark 2.13(1), and Lemma 2.23 applied
with A = XE〈1− e〉 implies that ÊCp,S(e, χ, k) is the same for W (E,χ) =M ⊗Zp Qp/Zp or M ′ ⊗Zp Qp/Zp.
(2) Definition 5.1 is independent of the field E by Remark 2.13(2).
(3) If χj for j = 1, 2 are even Artin characters, then by Remark 2.13(3), the ÊCp,S(e, χj , k) are de-
fined if and only if ÊCp,S(e, χ1 + χ2, k) is defined, in which case ÊCp,S(e, χ1 + χ2, k) = ÊCp,S(e, χ1, k) ·
ÊCp,S(e, χ2, k).
(4) Let k′/k be a finite extension of totally real fields, χ′ : Gk′ → E be an even Artin character realizable
over E, and χ = Indkk′ χ
′. If χ is unramified outside of S then by part (1) and Remark 2.13(4), ÊCp,S(e, χ′, k′)
is defined if and only if ÊCp,S(e, χ, k) is defined, in which case the two are equal.
(5) Let S′ be a finite set of primes of k with S ⊆ S′. Note that from the definition of Eul〈〉v in Section 3,
we have that
Eul〈〉v (e, χω
−1
p , k) = det(1− 〈Nm(v)〉−eFrw|V (E,χω−1p ))
for any v not in S and w above v. If this is non-zero then by Remark 2.13(5) we have
#H0(Gal(Fv/Fv),W (E,χω
−1
p )〈−e〉) = |Eul〈〉v (e, χω−1p , k)|−[E:Qp]p .
So if Eul〈〉v (e, χω
−1
p , k) 6= 0 for v in S′ \ S then from Remark 2.13(5) we see that ÊCp,S(e, χ, k) is defined if
and only if ÊCp,S′(e, χ, k) is defined, in which case
ÊCp,S′(e, χ, k) = ÊCp,S(e, χ, k) ·
∏
v∈S′\S
|Eul〈〉v (e, χω−1p , k)|p .
We now prove the finiteness statement in Theorem 1.8.
Lemma 5.4. Let k be a totally real number field, p a prime number, E a finite extension of Qp, and χ : Gk →
E an even Artin character realizable over E. Assume that S is a finite set of finite primes of k containing
the primes above p as well as the finite primes at which χ is ramified. Then Hi(Ok,S ,W (E,χ)〈1 − e〉) is
finite for all but finitely many e in Bk(E).
Proof. The result for i = 0 and i ≥ 3 follows from Theorem 1.4(3) and Remark 2.8. Hence by Proposi-
tion 2.27, it is enough to consider i = 1.
Since χ occurs in Indkkχ(χ|kχ) and Bk(E) ⊆ Bkχ(E), parts (1), (3) and (4) of Remark 2.13 imply that
it is enough to prove the result for the trivial character. We therefore assume that χ is trivial and hence
W (E,χ) = E/OE . By the last statement in Proposition 2.27, we may also assume that S = P .
From the spectral sequence
Hj(Γ0, H
j′(Gal(ΩP /k∞), E/OE〈1− e〉))⇒ Hj+j
′
(Ok,P , E/OE〈1− e〉)
it is enough to show that Hj(Γ0, H
1−j(Gal(ΩP /k∞), E/OE〈1− e〉)) is finite for j = 0, 1. Since Gal(ΩP /k∞)
acts trivially on E/OE〈1 − e〉, for j = 1 this group equals the cokernel of multiplication by q1−ek − 1 on
E/OE , which is finite for e 6= 1. For j = 0, this group is isomorphic to Hom(M, E/OE〈1 − e〉)Γ0 ≃
Hom((M⊗Zp OE〈e− 1〉)Γ0 ,Qp/Zp), where M is the Galois group of the maximal Abelian extension of k∞
that is unramified outside of the primes above p and ∞, on which Γ0 acts by conjugation, and Hom is the
functor of continuous homomorphisms. BecauseM⊗Zp OE is a torsion OE [[T ]]-module as mentioned at the
beginning of Section 4, the result follows from Lemma 4.6 with Y = M⊗Zp OE , O = OE , Γ = Γ0 with
topological generator corresponding to γ0, and u = q
e−1
k . 
In order to prove the rest of Theorem 1.8 we first prove two weaker results: Theorem 5.5 if χ is 1-
dimensional, and Theorem 5.15 for general χ.
Theorem 5.5. Let k be a totally real number field, p a prime number, E a finite extension of Qp with
valuation ring OE, χ : Gk → E a 1-dimensional even Artin character, and let be e in Bk(E). Assume that
S contains P as well as all the finite primes of k at which χ is ramified. Let k ⊆ k′ ⊆ kχ be such that
[k′ : k] = pl for some l ≥ 0 and p does not divide [kχ : k′]. Assume that e 6= 1 if χ|Gk′ is the trivial character,
so that Lp,S(s, χ|Gk′ , k
′) is defined at s = e. If its value there is non-zero, then with Assumption 4.4 if p = 2,
we have
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(1) Hi(Ok,S ,W (E,χ)〈1 − e〉) is finite for i = 0, 1 and trivial for i = 2;
(2) |Lp,S(e, χ, k)|p = ÊCp,S(e, χ, k).
Proof. We begin by fixing some notation. We write K for kχ, G for Gal(K/k), and also view χ as a
character of G. Also, for any 1-dimensional (even) Artin character χ with values in E we choose M(E,χ)
to be OE with action given through multiplication by the character, for which we write M(χ), and write
W (χ) =W (E,χ) =M(χ)⊗Zp Qp/Zp.
We first prove the result for l = 0, so that k′ = k, and we assume Lp,S(e, χ, k) 6= 0. By (3.12) and
Remark 5.3(5), it suffices to prove the theorem when S is the union of the set of primes of k where χ is ramified
and P . Since χω−1p is 1-dimensional and ramified at all v in S \ P we then have Lp,S(e, χ, k) = Lp(e, χ, k).
Note that Gal(K∞/k) ≃ G× Γ0 because p does not divide [K : k]. We shall consider γ0 as a topological
generator of Gal(K∞/K) as well via the isomorphism Gal(K∞/K) ≃ Gal(k∞/k) = Γ0.
We have
(5.6)
H0(Ok,S ,W (χ)〈1− e〉) ≃ H0(Gal(K∞/k),W (χ)〈1 − e〉)
=
(
W (χ)〈1 − e〉G)Γ0 .
If χ is non-trivial then χ(g)− 1 is in O×E for any non-trivial g in G as l = 0, so W (χ)〈1 − e〉G and (5.6) are
trivial. If χ is trivial then (5.6) equals (W (χ)〈1 − e〉)Γ0 , which is isomorphic to the kernel of multiplication
by q1−ek − 1 on E/OE . In this case e 6= 1 by assumption, so (5.6) is isomorphic to OE/(q1−ek − 1). In either
case, we see from the definition of hχ in Section 3 that
(5.7) #H0(Ok,S ,W (χ)〈1− e〉)1/[E:Qp] = |hχ(q1−ek − 1)|−1p .
We now consider H1(Ok,S ,W (χ)〈1 − e〉). Note that Hi(G, T ) = 0 for any Zp-module T if i ≥ 1, be-
cause #G annihilates this group and #G is in Z×p . Hence taking G-invariants is exact and H
i(Ok,S , T ) ≃
H0(G,Hi(OK,S , T )).
With Z = SpecOK,P \ SpecOK,S we have, for all j, that
Hj(Z,W (χω−1p )〈−e〉) ≃
∏
w∈Z
Hj(Gal(Fw/Fw),W (χω
−1
p )〈−e〉) .
Let Gw and Iw denote the decomposition and inertia subgroups for w inside G. Note that Iw is non-trivial
for each w in Z since χ is ramified at w. Hence there exists g in Iw with χ(g)
−1− 1 6= 0, and this lies in O×E
as l = 0. The Iw-invariants, and hence G-invariants of H
j(Gal(Fw/Fw),W (χω−1p )〈−e〉), are therefore trivial
because the action of Iw on this group is as on W (χ). From the Gysin sequence as in Remark 2.13(5), but
with k, S and S′ replaced with K, P and S, and with the current Z, we find by taking G-invariants that
Hi(Ok,S ,W (χ)〈1 − e〉)) ≃ Hi(OK,S ,W (χ)〈1 − e〉)G
≃ Hi(OK,P ,W (χ)〈1 − e〉)G
for all i ≥ 0.
For the remainder of the case l = 0 we can now follow the setup for the proof of [3, Theorem 6.1]. Let
ΩK,P denote the maximal extension of K that is unramified outside of the primes above p or ∞, so that by
Remark 2.6 we have
Hi(OK,P ,W (χ)〈1− e〉)G ≃ Hi(Gal(ΩK,P /K),W (χ)〈1− e〉)G
≃ Hi(Gal(ΩK,P /k),W (χ)〈1 − e〉) .
We obtain from the Hochschild-Serre spectral sequence for the normal subgroup Gal(ΩK,P /K∞) of Gal(ΩK,P /k)
with quotient Gal(K∞/k) ≃ Γ0×G a 5-term exact sequence. Using that H0(Gal(ΩK,P /K∞),W (χ)〈1−e〉) =
W (χ)〈1 − e〉, we find there is an exact sequence
(5.8)
0→ H1(Gal(K∞/k),W (χ)〈1 − e〉)
→ H1(Gal(ΩK,P /k),W (χ)〈1− e〉)
→ H0(Gal(K∞/k), H1(Gal(ΩK,P /K∞),W (χ)〈1 − e〉))
→ H2(Gal(K∞/k),W (χ)〈1 − e〉) .
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Note that Hi(Gal(K∞/k), ·) ≃ Hi(Gal(K∞/K), ·)G = 0 for i ≥ 2 as the cohomological dimension of
Gal(K∞/K) is 1, so the last term in (5.8) is trivial. As H1(Gal(K∞/K),W (χ)〈1 − e〉) is the cokernel
of multiplication by q1−ek − 1 on W (χ), the first term in (5.8) is trivial when e 6= 1 and equals W (χ)G when
e = 1. In the last case χ is non-trivial by assumption, so χ(g) − 1 is in O×E for some g in G as l = 0.
Hence H1(Ok,S ,W (χ)〈1− e〉)) is isomorphic with H0(Gal(K∞/k), H1(Gal(ΩK,P /K∞),W (χ)〈1− e〉)). The
action of Gal(ΩK,P /K∞) on W (χ)〈1 − e〉 is trivial, so with M the Galois group of the maximal Abelian
pro-p-extension L∞ of K∞ that is unramified outside of the primes above p and the infinite primes (so
L∞ ⊆ ΩK,P ), we can rewrite this last group as
(5.9)
Hom(Gal(ΩK,P /K∞),W (χ)〈1 − e〉)Gal(K∞/k)
≃ Hom(M,W (χ)〈1− e〉)Gal(K∞/k)
≃ Hom(M〈e− 1〉 ⊗Zp M(χ∨),Qp/Zp)Gal(K∞/k)
≃ Hom
((M〈e− 1〉 ⊗Zp M(χ∨))Gal(K∞/k) ,Qp/Zp) ,
where Hom is again the functor of continuous homomorphisms. Note that the action of Gal(K∞/k) on
M〈e− 1〉 ⊗Zp M(χ∨) is diagonal. We therefore have
(5.10)
(M〈e− 1〉 ⊗Zp M(χ∨))Gal(K∞/k)
≃ ((M〈e− 1〉 ⊗Zp M(χ∨))G)Gal(K∞/K)
≃ ((M〈e− 1〉 ⊗Zp[G]M(χ)))Gal(K∞/K)
because for a right (resp. left) Zp[G]-module A (resp. B), with G acting on A⊗ZpB as g(a⊗b) = a ·g⊗g−1 ·b,
we have a natural isomorphism (A⊗B)G ≃ A⊗Zp[G] B as Zp-modules.
Recall that, since k is totally real and χ is even, M is a torsion Zp[G][[T ]]-module with the action of
T given by that of γ0 − 1. By [20, Theorem 18] and [30, Section 6.4], M has no non-trivial finite Zp[[T ]]-
submodule, hence the same holds for M⊗Zp[G] OE [G] ≃ M[E:Qp]. Then the last group cannot contain a
finite non-trivial OE [[T ]]-submodule, and as we may view M(χ) as a direct summand of OE [G] because p
does not divide #G since l = 0, we find thatM⊗Zp[G]M(χ) is a torsion OE [[T ]]-module without non-trivial
finite submodule.
Observe that we are now in the situation of Lemma 4.6 with O = OE , Y = M ⊗Zp[G] M(χ), Γ =
Gal(K∞/K) with topological generator corresponding to γ0, and u = qe−1k . As defined right after Defini-
tion 4.1, µχ and gχ are the µY and gY in Definition 4.1 but the action of γ0 on Y in Lemma 4.6 for this u
is the action on M〈e− 1〉 ⊗Zp[G] M(χ).
We assume that Lp,S(e, χ, k) 6= 0, so by Theorem 4.2 when p 6= 2 and Assumption 4.4 when p = 2, we
get gχ(q
1−e
k − 1) 6= 0. Since µχ = µY and gχ = gY in Lemma 4.6, this lemma states that the group in (5.10)
is finite and has cardinality
∣∣piµχ · gχ(q1−ek − 1)∣∣−[E:Qp]p , with pi a uniformizer of OE . The same holds for
H1(Ok,S ,W (χ)〈1−e〉) by (5.9). ThenH2(Ok,S ,W (χ)〈1−e〉) is also finite by Proposition 2.27, hence trivial by
Proposition 2.26. By Theorem 4.2 or Assumption 4.4, and (5.7), we then find, since Lp,S(e, χ, k) = Lp(e, χ, k),
|Lp,S(e, χ, k)|p = |pi
µχ · gχ(q1−ek − 1)|p
|hχ(q1−ek − 1)|p
=
(
#H0(Ok,S ,W (χ)〈1 − e〉)
#H1(Ok,S ,W (χ)〈1 − e〉)
)1/[E:Qp]
= ÊCp,S(e, χ, k) .
This completes the proof of the theorem when l = 0.
We now proceed by induction on l, so that we have [K : k] = mpl with (p,m) = 1 and l ≥ 1. Recall that
k′ is the subfield of K = kχ with [k′ : k] = pl. Since χ is even, K and k′ are totally real. With χ′ = χ|Gk′
we have
Indkk′ (χ
′) =
∑
ϕ∈I
ϕ,(5.11)
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where I is the set of all 1-dimensional characters ϕ over Qp of Gal(k/k) factoring through Gal(K/k) that
restrict to χ′ on Gk′ (hence the quotient of two ϕ’s is a character of Gal(k′/k) ≃ Z/plZ). Note that
each ϕ is a power of χ, hence is even, takes values in E, and Indkk′(χ
′) is also unramified outside of S. Let
N1 = Ind
k
k′(M(χ
′)) and N2 = ⊕ϕ∈IM(ϕ). By (5.11) these two OE [Gk]-modules of finite OE-rank correspond
to the same representation. From Remark 2.13(4) we know that
(5.12) Hi(Ok,S , N1 ⊗Zp Qp/Zp〈1− e〉) ≃ Hi(Ok′,S ,W (χ′)〈1 − e〉)
for each i ≥ 0.
By our assumptions, Lp,S(e, χ
′, k′) is defined and non-zero, so by the case l = 0 the theorem is true for
χ′ and k′. Therefore the group in (5.12) is finite for i = 0, 1, trivial for i = 2, and
ÊCp,S(e, χ
′, k′) = |Lp,S(e, χ′, k′)|p .
From Remark 5.3(1) we conclude that Hi(Ok,S , N2⊗ZpQp/Zp〈1−e〉) is finite for i = 0, 1, 2, hence trivial for
i = 2 by Proposition 2.26. The same statement therefore holds for each summand Hi(Ok,S ,W (ϕ)〈1 − e〉).
From parts (3) and (4) of Remark 5.3 we obtain
(5.13)
∏
ϕ∈I
ÊCp,S(e, ϕ, k) = ÊCp,S(e, χ
′, k′)
= |Lp,S(e, χ′, k′)|p =
∏
ϕ∈I
|Lp,S(e, ϕ, k)|p ,
with the last equality by (5.11) and the compatibility of Lp and Eul
〈〉
v with induction (see Remark 3.14). Note
that the p-adic L-functions involved here are of Abelian characters so cannot have a pole except possibly
at 1, hence by our assumptions on e and χ′, Lp,S(e, ϕ, k) exists and is non-zero for every ϕ.
Let I0 denote the subset of I consisting of all ϕ with order divisible by p
l. If ϕ ∈ I \ I0 then [kϕ : k]
divides pl−1m, hence by the induction hypothesis the theorem is true for ϕ. Thus from (5.13) we obtain
(5.14)
∏
ϕ∈I0
|Lp,S(e, ϕ, k)|p =
∏
ϕ∈I0
ÊCp,S(e, ϕ, k) .
Using Remark 5.3(2) we may replace E with its Galois closure over Qp if necessary. All ϕ in I0 are in the
orbit of χ under the action of Gal(E/Qp) since this group acts transitively on the roots of unity of order
pl. But for σ in Gal(E/Qp) we have Lp,S(e, χσ, k) = Lp,S(e, χ, k)σ by [4, p.413], hence |Lp,S(e, χσ, k)|p =
|Lp,S(e, χ, k)|p. On the other hand, σ induces an isomorphism M(χ) ≃ M(χσ) of sheaves for the e´tale
topology on Ok,S , so that ÊCp,S(e, χσ, k) = ÊCp,S(e, χ, k). Taking roots of both sides in (5.14) we find
|Lp,S(e, χ, k)|p = ÊCp,S(e, χ, k). This finishes the proof of the induction step, and of the theorem. 
We now extend the statements of Theorem 5.5 to arbitrary Artin characters for all but finitely many e,
which is the last main ingredient needed for the proof of Theorem 1.8.
Theorem 5.15. Let k be a totally real number field, p a prime number, E a finite extension of Qp, and
χ : Gk → E an even Artin character realizable over E. Assume that S contains P as well as all the finite
primes of k where χ is ramified. The following hold for all but finitely many e in Bk(E) where for part (2)
we make Assumption 4.4 if p = 2.
(1) Hi(Ok,S ,W (E,χ)〈1 − e〉) is finite for i = 0, 1 and trivial for i = 2.
(2) |Lp,S(e, χ, k)|p = ÊCp,S(e, χ, k).
Proof. Part (1) follows from Lemma 5.4 and Proposition 2.26. For part (2), note that we may enlarge E if
we want because of Remark 5.3(2). Using Brauer’s Theorem we can then write
χ+
∑
i
Indkki(ϕi) =
∑
j
Indkk′
j
(ϕ′j)
for 1-dimensional E-valued Artin characters ϕi (resp. ϕ
′
j) of Gki (resp. Gk′j ) with all ki, k
′
j intermediate
fields of the extension kχ/k, so that Gkχ is in the kernel of all ϕi and ϕ
′
j . Since kχ is totally real, so are all
ki and k
′
j , and all ϕi and ϕ
′
j are even. Because Bk(E) is contained in all Bki(E) and Bk′j (E), we may apply
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Theorem 5.5 to each pair (ϕi, ki) or (ϕ
′
j , k
′
j) for all but finitely many e in Bk(E). For all such e, parts (3)
and (4) of Remark 5.3 give that
ÊCp,S(e, χ, k)
∏
i
ÊCp,S(e, ϕi, ki) =
∏
j
ÊCp,S(e, ϕ
′
j , k
′
j) ,
whereas Remark 3.14 implies
Lp,S(e, χ, k)
∏
i
Lp,S(e, ϕi, ki) =
∏
j
Lp,S(e, ϕ
′
j , k
′
j) ,
so that ÊCp,S(e, χ, k) = |Lp,S(e, χ, k)|p. 
We can now give the proof of Theorem 1.8. We make extensive use of a counting argument while approxi-
mating a fixed e with suitable e′. In particular, this method enables us to treat the finitely many e excluded
in Theorem 5.15.
Proof of Theorem 1.8. The first statement is Theorem 5.15(1). For the remaining statements we make
Assumption 4.4 if p = 2.
Let ri = ri,S(1 − e, χ) = corankOEHi(Ok,S ,W (E,χ)〈1 − e〉). By Theorem 1.4(3), r0(1 − e, χ) is zero
if e 6= 1 and equals the multiplicity of the trivial character in χ otherwise. Since r2 ≥ 0, the statements
about analyticity and poles of Lp,S(s, χ, k) in part (2) follow from the inequality r2 − r0 ≤ ν in part (1)
and Remark 3.15. The claims in part (2) for Lp(s, χ, k) then follow from this in turn by using Remark 3.15,
(3.12), Remark 3.11, and Proposition 2.18 (note that for e = 0 we have r0 = 0 and r1 = r2 by parts (2)
and (3) of Theorem 1.4). It thus suffices to prove parts (1) and (3).
For the proof of (1), let r = r2 − r0. We shall prove the inequalities min(1 − r0, ν) ≤ r ≤ ν in (1)
when e = 1 and χ contains the trivial character later. So let us fix e in Bχ(E), hence r0 = 0 by Theo-
rem 1.4(3) and therefore r = r1 = r2 by Proposition 2.27. Let X be a finite OE-module of size c1 such that
H1(Ok,S ,W (E,χ)〈1−e〉)∨ ≃ OrE×X and hence H1(Ok,S ,W (E,χ)〈1−e〉) ≃ (E/OE)r×X∨ as OE-modules.
Using Theorem 1.4(3) for condition (b) below, and Theorem 5.15 for condition (c), we now only consider
n > 0 such that
(a) c1 divides p
n;
(b) #H0(Ok,S ,W (E,χ)〈1− e′〉) equals a constant c0 if |e′ − e|p ≤ p−n, and c0 divides pn;
(c) if 0 < |e′ − e|p ≤ p−n then e′ is in Bχ(E), Hi(Ok,S ,W (E,χ)〈1 − e′〉) is finite for i = 0, 1, 2,
Lp,S(e
′, χ, k) 6= 0, and |Lp,S(e′, χ, k)|p = ÊCp,S(e′, χ, k).
Recall that, for a 6= 0 in OE , W (E,χ)[a] = ker(W (E,χ) a→ W (E,χ)). For |e′ − e|p ≤ p−n the long exact
sequence associated to (2.11) gives
#H1(Ok,S ,W (E,χ)〈1 − e′〉)[pn] = #H
1(Ok,S ,W (E,χ)[pn]〈1 − e′〉)
#H0(Ok,S ,W (E,χ)〈1 − e′〉) .
For |e′ − e|p ≤ p−n we have W (E,χ)[pn]〈1− e′〉 ≃W (E,χ)[pn]〈1− e〉 as Gk-modules, hence
(5.16)
#H1(Ok,S ,W (E,χ)〈1 − e′〉)[pn]
=#H1(Ok,S ,W (E,χ)〈1 − e〉)[pn]
= c1p
nr[E:Qp] ,
so if also e′ 6= e then by (c) and (b) we find
(5.17)
|Lp,S(e′, χ, k)|[E:Qp]p = ÊCp,S(e′, χ, k)[E:Qp]
=
#H0(Ok,S ,W (E,χ)〈1− e′〉)
#H1(Ok,S ,W (E,χ)〈1− e′〉) ≤ c0c
−1
1 p
−nr[E:Qp] .
For n≫ 0 the left-hand side equals c|e′− e|ν[E:Qp]p for some c 6= 0 and so by choosing e′ with |e′− e|p = p−n
we get ν ≥ r.
For proving that min(1, ν) ≤ r we may take r = 0. For |e′−e|p ≤ p−n−1 we see from (5.16) that the part of
H1(Ok,S ,W (E,χ)〈1−e′〉) annihilated by pn is the same as that annihilated by pn+1. Hence this is the entire
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group, and #H1(Ok,S ,W (E,χ)〈1−e′〉) = c1 for such e′. From (5.17) we then see that |Lp,S(e′, χ, k)|[E:Qp]p =
c0/c1 for e
′ 6= e close enough to e, so by continuity we have |Lp,S(e, χ, k)|[E:Qp]p = c0/c1 6= 0 and ν = 0.
We now assume e = 1 and χ contains the trivial character χ0. Note that the two sides of the inequality
r(e, χ) ≤ ν(e, χ) are additive in χ, therefore it is enough to prove this for χ = χ0. In this case we may takeE =
Qp and M = Zp. Moreover, we may take S = P by Theorem 1.4(2) because Eul
〈〉
v (1, χ0ω
−1
p , k) 6= 0. Clearly
H0(Ok,P ,Qp/Zp) = Qp/Zp, hence r0(0, χ0) = 1. On the other hand, by the discussion after (5.8) and (5.9)
we have r1(0, χ0) = 1 + rankZpM, whereM is the Galois group of the maximal extension of k∞ unramified
outside of the primes above p and infinite primes. SinceM is isogenous to⊕ri=1 Zp/pimi⊕⊕sj=1 Zp/(gj(0)),
we find rankZpM≤ ordT=0(g˜χ0(T )) by Theorem 4.2 if p 6= 2, and Assumption 4.4 if p = 2. As hχ0(T ) = T ,
ordT=0(g˜χ0(T )) = ν(0, χ0) + 1. Thus we have r1(0, χ0) ≤ ν(0, χ0) + 2 and r2(0, χ0) ≤ ν(0, χ0) + 1 by
Theorem 1.4(2). Thus r(0, χ0) ≤ ν(0, χ0). This proves the inequality r ≤ ν in all the cases.
The inequality min(1 − r0, ν) ≤ r = r2 − r0 is trivial unless r2 = 0. Write χ = χ′ + sχ0 with χ′
not containing the trivial character and s ≥ 1, then r2(0, χ) = r2(0, χ′) + sr2(0, χ0). This is zero only if
r2(0, χ
′) = r2(0, χ0) = 0. We have just proved Theorem 1.8(1) for χ′, so using Theorem 1.4(3) for χ′ we
see Lp(1, χ
′, k) 6= 0. Moreover, r2(0, χ0) = 0 implies that r0(0, χ0) = r1(0, χ0) = 1 by parts (2) and (3) of
Theorem 1.4. Hence rankZpM = 0, g˜χ0(0) 6= 0 and therefore ν(0, χ0) = −1. This proves ν(0, χ) = −s and
min(1 − r0, ν) = −s = r2 − r0. This completes the proof of part (1) of the theorem.
For part (3), we fix e in Bχ(E), so r0 = 0 by Theorem 1.4(3). Then the equivalences follow from the case
r2 = 0 in part (1) and Proposition 2.26. For the very last formula, we observe that this is covered by the
case r = 0 in the paragraph following (5.17) since #Hi(Ok,S ,W (E,χ)〈1 − e〉) = ci for i = 0, 1 and r1 = r2
by Theorem 1.4(2). This concludes the proof of Theorem 1.8. 
Note that if the equality
(5.18) νS(1− e, χ) = r2,S(1− e, χ)− r0,S(1− e, χ)
holds in Theorem 1.8(1) for some S then it holds for every choice of S by Proposition 2.17(2), Theorem 1.4(2)
and Remark 3.11. If it holds for all totally real k and all 1-dimensional even Artin characters χ : Gk → E
with [kχ : k] not divisible by p, then it holds for all even Artin characters of Gk for all totally real k. This
is because such an equality is preserved under the induction argument in the proof of Theorem 5.5 and
also under the arguments involving Brauer induction in the proof of Theorem 5.15. Since r0,S(1 − e, χ)
is independent of S as stated in Theorem 1.4(2), we see from Proposition 2.17(2) and Remark 3.11, the
proof of the case l = 0 of Theorem 5.5, and the proof of Lemma 4.6, that the equality in (5.18) for such an
Artin character χ is equivalent to all distinguished polynomials gj(T ) in OE [T ] having order at most 1 at
T = qe−1k − 1, where Y =M⊗Zp[G]M(χ) as in the application of Lemma 4.6 in the proof of Theorem 5.5 is
isogenous to
⊕r
i=1
O[[T ]]
(piµi ) ⊕
⊕s
j=1
O[[T ]]
(gj(T ))
. We therefore formulate the following (partly folklore) conjecture.
Conjecture 5.19. Let k be a totally real number field, p a prime number, E a finite extension of Qp, and
χ : Gk → E an even Artin character realizable over E. If χ is 1-dimensional then let M(χ) = OE on which
Gk acts through χ. Assume that S contains the primes above p as well as the finite primes of k at which
kχ/k is ramified. Let M be the Galois group of the maximal Abelian extension of (kχ)∞ that is unramified
outside of the primes above p and infinity. Then for e in Bk(E) we have the following.
(1) If χ is 1-dimensional of order prime to p, then the gj corresponding to Y = M⊗Zp[G] M(χ) are
square-free.
(2) If χ is 1-dimensional of order prime to p, then the gj corresponding to Y =M⊗Zp[G]M(χ) have no
multiple roots z in E for which |z − 1|p < p−1/(p−1).
(3) If χ is 1-dimensional of order prime to p, then equality holds in (5.18).
(4) Equality holds in (5.18).
For the same k, e and χ, (1) implies (2), and, as discussed before the statement of the conjecture, (2) is
equivalent to (3). As also implied by the discussion there, if we fix e, then (3) for all k, χ and E implies (4),
and the converse is clear.
Remark 5.20. In this remark we make Assumption 4.4 if p = 2.
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(1) If e = 1 and χ is the trivial character then parts (2) and (3) of Theorem 1.4 and Theorem 1.8(1) imply
the following are equivalent:
(a) ζp(s, k) has a simple pole at s = 1;
(b) corankZpH
1(Ok,S ,Qp/Zp) = 1;
(c) H2(Ok,S ,Qp/Zp) = 0.
Those statements are all equivalent with the Leopoldt conjecture for k (see [27, Theorem 10.3.6]).
Clearly, an equality νS(0, χ) = −r0,S(0, χ) with χ the trivial character implies (a) by Theorem 1.4(3),
hence the Leopoldt conjecture for k. For other characters, recall that Brauer’s theorem χ =
∑
i ai Ind
G
Hi(χi)
for some non-zero integers ai and 1-dimensional characters χi of certain solvable subgroups Hi. If Hi is
nontrivial and χi = 1H , then Ind
G
[Hi,Hi](1[Hi,Hi]) = Ind
G
Hi(1Hi) +
∑
j Ind
G
Hi(χj) where the sum runs through
the non-trivial 1-dimensional characters of Hi. Repeating this process if necessary, we may assume that χi
is trivial only if Hi is trivial. In that case, Frobenius reciprocity for 1G implies that if χ does not contain
the trivial character of G, then all χi are non-trivial. Therefore the Leopoldt conjecture for all totally real
number fields implies Lp(s, χ, k), for an even character χ of Gk not containing the trivial character, is defined
and non-zero at s = 1, so by Theorem 1.4(3) and Theorem 1.8(3), νS(0, χ) = −r0,S(0, χ) = 0. Since the
Leopoldt conjecture for k implies νS(0, χ) = −r0,S(0, χ) if χ is the trivial character, the Leopoldt conjecture
for all totally real k implies equality for all k and all even Artin characters χ of Gk.
(2) For e in Bχ(E), H
1(Ok,S ,W (E,χ)〈1 − e〉) is finite if and only if Lp,S(e, χ, k) is defined and non-zero
by Theorem 1.8(3). If χ contains the trivial character and e = 1, then H1(Ok,S ,W (E,χ)〈1 − e〉) is infinite
by parts (2) and (3) of Theorem 1.4. The Leopoldt conjecture (for all totally real k) would imply that then
Lp,S(e, χ, k) should not be defined at e = 1, extending this equivalence to e in Bk(E).
To conclude this section, we briefly discuss the case of 1-dimensional χ.
Example 5.21. With notation as in Theorem 1.8, suppose that k is totally real, χ is a 1-dimensional even
Artin character, and e is in Bχ(E) with Lp(e, χ, k) 6= 0. Then hχ(T ) = 1 unless kχ ⊆ k∞, in which case
hχ(T ) = χ(γ0)(T + 1)− 1. Note that in the latter case
H0(Ok,S ,W (E,χ)〈1 − e〉) = ker
(
W (E,χ)〈1 − e〉 1−γ0−→ W (E,χ)〈1 − e〉
)
.
Since γ0 acts on W (E,χ)〈1 − e〉 as multiplication by q1−ek χ(γ0) in this case, we have
#H0(Ok,S ,W (E,χ)〈1 − e〉) = |hχ(q1−ek − 1)|−[E:Qp]p .
Hence for any 1-dimensional χ we always have
(5.22) #H0(Ok,S ,W (E,χ)〈1 − e〉)) ≥ |hχ(q1−ek − 1)|−[E:Qp]p .
So by (3.6) and Theorem 1.8(3) we also have
(5.23) #H1(Ok,S ,W (E,χ)〈1− e〉)) ≥ |piµχ g˜χ(q1−ek − 1)|−[E:Qp]p .
We distinguish three cases, with the third motivating why one needs to use ÊCp,S(e, χ, k) rather than the
individual cohomology groups (and to some extent necessitating the complexity of our proofs).
(1) [kχ : k] is divisible by a prime other than p: then hχ(T ) = 1 and H
0 is trivial because it is contained
in the kernel of multiplication by 1− ξq where ξq is a root of unity of order a prime q 6= p. Therefore both
entries in (5.22) are 1, and equality holds in both (5.22) and (5.23) because of Theorem 1.8(3).
(2) [kχ : k] is a power of p and kχ ⊆ k∞. As already mentioned, equality holds in (5.22), hence it also
holds in (5.23), but in (5.22) both sides are bigger than 1.
(3) [kχ : k] is a power of p but kχ * k∞. In this case hχ(T ) = 1. Note that any g in G acts on
W (E,χ)〈1− e〉 ≃ E/OE〈1− e〉 as multiplication by an element of O×E that reduces to 1 in the residue field
of OE , hence H0(Ok,S ,W (E,χ)〈1 − e〉) is non-trivial, and the inequalities in (5.22) and (5.23) are strict.
6. Numerical examples
The approximations P˜ (T ) of the distinguished polynomials P (T ) and the triviality of the µ-invariants in
the following examples were kindly provided to us by X.-F. Roblot. In all cases we have a totally real field K
such that K/Q is Galois with dihedral Galois group G of order 8. If k is the fixed field of the cyclic subgroup
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H of order 4 then we consider L5(s) := L5(s, χ, k) = L5(s, Ind
Q
k (χ),Q) where χ is a 1-dimensional character
of order 4 of H with values in µ4 ⊂ Q5. Note that IndQk (χ) is the irreducible 2-dimensional character of
Gal(K/Q) for either possibility for χ, so L5(s) is the same for either χ.
With notation as in (3.6) we have hχ(T ) = 1, and used qk = 1 + 5. In all cases below Roblot found that
mχ = 0, so L5(s) = P (6
1−s−1)u(61−s−1) for s inBk = {s in Cp with |s|5 < 53/4}, where u(T ) is in Z5[[T ]]×
and P (T ) = g˜χ(T ) is a distinguished polynomial in Z5[T ]. So, in particular, |L5(s)|5 = |P (61−s − 1)|5.
Note that if S is a finite set of primes of Q that includes 5 and the primes where K/Q is ramified, then by
Remark 2.13(3) we have, for E/Q5 a finite extension and e in Bχ(E) = Bk(E), with the appropriate choice
of lattices,
Hi(OQ,S ,W (E, IndQk (χ))〈1 − e〉) ≃ Hi(Ok,S ,W (E,χ)〈1− e〉) .
We recall from Remark 2.2 that the coefficients in the right-hand side are unique but that this does not
necessarily hold in the left-hand side.
In the examples, K/k is unramified outside of the primes above 5. We discuss Hi(Ok,S ,W (E,χ)〈1 − e〉)
only when S consists of those primes. The sizes of those groups for larger S can be calculated similarly by
taking into account various |Eul〈〉v (e, χω−15 , k)|5 as in (3.12). We leave this to the interested reader.
Example 6.1. k = Q(
√
145), K is the Hilbert class field of k, where P (T ) = 1. Taking e in Bk(Q5) = Z5,
one sees from Case (1) of Example 5.21 that Hi(Ok,S ,W (E,χ))〈1 − e〉) with E = Q5 is trivial for i = 0,
hence the same holds for i = 1 and i = 2 by Theorem 1.8. In fact, the same statements are true if we use
any finite extension E of Q5 and take e in Bk(E).
Example 6.2. k = Q(
√
41), K is the ray class field of k modulo 5. Here P˜ (T ) = T −(5+ε) with |ε|5 ≤ 5−10.
But Eul∗P (s, χω
−1
5 , k) = 1 − 5−s, so that L5(0, χ, k) = 0 by (3.5), and P (T ) = T − 5. Fix a finite extension
E of Q5 and e in Bk(E). Again by Example 5.21 we have that H0(Ok,S ,W (E,χ))〈1 − e〉) = 0. Taking
e 6= 0, so that L5(e) 6= 0, by Theorem 5.5 we have #H1(Ok,S ,W (E,χ))〈1 − e〉) = #OE/(61−e − 6) =
#OE/(6−e − 1) = #OE/(5e).
In fact, any Z5[[T ]]-submodule of finite index in Z5[[T ]]/(T − 5) ≃ Z5 is isomorphic with Z5 as Z5[[T ]]-
module, so that, in the proof of Theorem 5.5 for l = 0, the part of M on which H acts through χ is
M⊗Z5[H] Z5(χ) ≃ Z5 with the action of γ0 given by multiplication by 6. So by the proof of Lemma 4.6 (in
particular (4.7)) we have H1(Ok,S ,W (E,χ))〈1 − e〉) ≃ OE/(5e), also when e = 0.
Remark 6.3. Note that the calculation in Example 6.2 for each of the two possibilities for χ implies the
existence of Lχ/K∞, such that Lχ/k is Galois with Galois group isomorphic to (H × (1 + 5Z5))⋉Z5, where
the action of (h, u) on Z5 (the part of M on which H acts through χ) is given by multiplication by χ(h)u.
Working over Q we find that the two Lχ together give rise to extensions L∞/K∞/Q with Gal(L∞/Q)
isomorphic to (G × (1 + 5Z5)) ⋉ Z25 where G acts on Z25 as on the irreducible 2-dimensional representation
of G, and 1 + 5Z5 by multiplication.
Example 6.4. k = Q(
√
793), K is the Hilbert class field of k, and
P˜ (T ) = T 2 + ((0.341430342)5+ ε1)T + ((0.103034211)5+ ε2) ,
with |εi|5 ≤ 5−10. Here (0.a1 · · ·am)5 =
∑m
i=1 ai5
m. Therefore P (T ) is Eisenstein, hence is irreducible over
Z5 and |L5(s)|5 = 1 for s in Z5. But Z5[[T ]]/(P (T )) ≃ Z5[
√
5] = OQ5(√5) so any Z5[[T ]]-submodule of finite
index is isomorphic to Z5[[T ]]/(P (T )) with γ0 acting as multiplication by 1 + T . As in Example 6.2 we find
that H1(Ok,S ,W (E,χ))〈1 − e〉) ≃ OE/(P (61−e − 1)) for each finite extension E of Q5 and e in Bk(E) as
H0(Ok,S ,W (E,χ))〈1 − e〉) is trivial. Unless |61−e − 1− α|5 ≤ 5−19/2 for a root
α = (0.104202323)5± (3.41423114)5
√
5 + ε
of P (T ) (with |ε|5 ≤ 5−19/2), we may replace P (61−e − 1) with P˜ (61−e − 1).
Remark 6.5. Just as in Remark 6.3, the calculation in Example 6.4 for each of the two possibilities implies
the existence of Lχ/K∞, such that Lχ/k is Galois with Galois group isomorphic to (H× (1+5Z5))⋉Z5[
√
5],
where the action of (h, u) on Z5[
√
5] (the part of M on which H acts through χ) is given by multiplication
by χ(h)(1 + α)log(u)/ log(6) for α in Z5[
√
5] a root of P (T ).
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Working over Q we find that the two Lχ together give rise to extensions L∞/K∞/Q with Gal(L∞/Q)
isomorphic to (G × (1 + 5Z5)) ⋉ Z5[
√
5]2 where G acts as on Z5[
√
5]2 as on the irreducible 2-dimensional
representation of G, and u in 1+5Z5 as multiplication by (1+α)log(u)/ log(6) for α a root of P (T ) in Z5[
√
5].
7. The equivariant Tamagawa number conjecture
Let k be a number field, S a finite set of finite primes in k, Σ∞ the set of infinite places of k and GS the
Galois group of the maximal extension of k that is unramified outside of S ∪ Σ∞. For any place v of k let
Gwv be the decomposition group in Gk of a prime wv of k lying above v. For a finitely generated Zp-module
A with continuous GS-action, define
RΓc(Ok,S , A) := Cone (C•(GS , A)→ ⊕v∈S∪Σ∞C•(Gwv , A)) [−1],
where C• denotes the standard complex of (continuous) cochains, and the morphism is induced by the natural
maps Gwv → Gk → GS . We denote the cohomology of RΓc(Ok,S , A) by H
∗
c(Ok,S , A). Applying inverse
limits to the resulting long exact sequence of cohomology groups with coefficients A/pnA is exact because
the H∗(GS , A/pnA) and H∗(Gwv , A/p
nA) are finite. Therefore H
∗
c(Ok,S , A) ≃ lim←−nH
∗
c(Ok,S , A/pnA) by
the five lemma.
If R is a commutative ring and Λ a perfect complex of R-modules then Hi(Λ) is trivial for all but
finitely many i and DetR Λ is defined (see [22] for the definition and properties of the determinant functor).
Moreover, if Hi(Λ) is projective for all i, then by [8, Proposition 2.1(e)] there is a canonical isomorphism
DetR Λ→ ⊗iDet(−1)
i
R H
i(Λ). If R is the valuation ring OE in a finite extension E of Qp, Hi(Λ) is finite for
all i, and trivial for all but finitely many i, then we have a canonical composition
(7.1) DetOE Λ ≃ ⊗iDet(−1)
i
OE H
i(Λ)→ ⊗iDet(−1)
i
E (H
i(Λ)⊗OE E) ≃ E .
Theorem 7.2. Let k be a totally real number field, p a prime number, E a finite extension of Qp with
valuation ring OE , m a negative integer, η an Artin character of Gk realizable over E such that η(c) =
(−1)m−1η(idk) for every complex conjugation c in Gk, V (E, η∨) an Artin representation of Gk over E with
character η∨, M(E, η∨) an OE-lattice for η∨, and S a finite set of primes of k containing the primes above
p as well as all the finite primes of k at which η is ramified. Then the following hold, where for p = 2 we
make Assumption 4.4.
(1) RΓc(Ok,S ,M(E, η∨)(m)) and RΓc(Ok,S , V (E, η∨)(m)) are perfect complexes.
(2) H
i
c(Ok,S ,M(E, η∨)(m)) is finite for all i and trivial if i 6= 2, 3.
(3) In E we have
(7.3) L∗S(m, η, k) · OE = θ(DetOE RΓc(Ok,S ,M(E, η∨)(m))) ,
with L∗S(m, η, k) as in Section 3, and θ the composition (7.1) for Λ = RΓc(Ok,S ,M(E, η∨)(m)).
Proof. Part (1) follows from [13, Theorem 5.1]. For parts (2) and (3), we abbreviateM(E, η∨)(m) toM , and
begin by computing H
∗
c(Ok,S ,M). We have H
0
c(Ok,S ,M) = 0 because H0(GS ,M) → ⊕v∈SH0(Gwv ,M) is
injective. For a real place v in S, note that the complex conjugation cv in Gal(kv/kv) acts on M as
multiplication by −1, so that H0(Gwv ,M/pnM) ≃ Ĥ0(Gwv ,M/pnM), where the right-hand side denotes
Tate cohomology. Therefore, for i ≥ 1, Hic(Ok,S ,M/pnM) ≃ Hic(Ok,S ,M/pnM) where the right-hand side
denotes the cohomology with compact support as in [25, Section II § 2, p.203]. Taking inverse limits and
using (2.7) we have
H
i
c(Ok,S ,M) ≃
(
H3−i(Ok,S ,W (E, ηω1−mp )〈1 −m〉)
)∨
for i ≥ 1, where W (E, η) and W (E, ηω1−mp ) are obtained from M(E, η∨). We see as just after (1.1)
that L∗S(m, η, k) 6= 0 because m < 0, and hence Lp,S(m, ηω1−mp , k) 6= 0 by (3.13). Then according to
Theorem 1.8(3), Hj(Ok,S ,W (E, ηω1−mp )〈1 −m〉) is finite for j = 0, 1 and trivial for j = 2, completing the
proof of part (2).
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For part (3), we note that for any finite OE-module A, I [E:Qp] = (#A) · OE with I the image of the
composition DetOE A→ DetE(A⊗OE E) ≃ E. Therefore
θ (DetOE RΓc(Ok,S ,M))[E:Qp] =
#H
2
c(Ok,S ,M)
#H
3
c(Ok,S ,M)
· OE
=
#H1(Ok,S ,W (E, ηω1−mp )〈1 −m〉)
#H0(Ok,S ,W (E, ηω1−mp )〈1 −m〉)
· OE
= ÊCp,S(m, ηω
1−m
p , k)
−[E:Qp] · OE
= Lp,S(m, ηω
1−m
p , k)
[E:Qp] · OE
= L∗S(m, η, k)
[E:Qp] · OE ,
where the last two equalities follow from Theorem 1.8(3) and the interpolation formula (3.13). 
Corollary 7.4. Let k be a totally real number field, K/k a finite Galois extension with Galois group G and
m a negative integer. Assume that K is totally real if m is odd and K is a CM field if m is even. Let M
denote a maximal Z[G]-order inside Q[G]. Let pim = 1 if m is odd and pim = (1 − c)/2 if m is even, where
c is the unique complex conjugation in G. Let p be a prime number and if p = 2 make Assumption 4.4.
Then the p-part of the equivariant Tamagawa number conjecture ([8, Conjecture 6, p.535]) holds for the pair
(pimh
0(SpecK)(m), pimM).
Proof. Let F be a finite extension of Q such that all the irreducible Q-valued characters of G can be
realized over F , and let MF be a maximal OF [G]-order in F [G]. By [8, Theorem 4.1], the equivariant
Tamagawa number conjecture for the pair (pimh
0(SpecK)(m), pimM) is then equivalent to that for the pair
(pimh
0(SpecK)(m), pimMF ), which can be decomposed according to all irreducible characters ψ of G if
K is totally real, and those ψ satisfying ψ(c) = −ψ(idk) if K is a CM field. For such a character ψ,
if piψ = (#G)
−1∑
g∈G ψ(g)g
−1 is the standard idempotent in F [G] corresponding to ψ, then the special
value of the motivic L-function associated to piψh
0(SpecK)(m) is L(m,ψ, k) in F . If we fix an embedding
σ : F → E, with E a finite extension of Qp, then σ(L(m,ψ, k)) = L∗(m,σ ◦ ψ, k), so the p-part of the
equivariant Tamagawa number conjecture states that (7.3) holds with η = σ ◦ ψ: in the formulation of
the equivariant Tamagawa number conjecture in [8], the canonical composition θ in (7.1) is multiplied by∏
v∈S\P Eul
∗
v(m, η, k) (see [8, Section 3] for details). 
Remark 7.5. Note that if the interpolation formula (3.13) holds for m = 0 and L∗S(0, η, k) 6= 0 then the
statements of Theorem 7.2 are also true for m = 0. Moreover, Corollary 7.4 holds in this case if we further
assume that the reciprocal Euler factors Eul∗v(0, η, k) are non-trivial for all primes v in S.
Remark 7.6. (1) Assumption 4.4 holds if p = 2, k = Q and η is the trivial character (see Remark 4.5), so
Corollary 7.4 holds without any assumptions when m is odd and k = K = Q.
(2) A stronger version of Corollary 7.4, with the maximal order replaced by Z[G] but p 6= 2, is proven by
Burns in [7, Corollary 2.10] under the assumption that certain Iwasawa-theoretic p-adic µ-invariants of K are
trivial. (If G is Abelian then this was already proved under similar assumptions in [2, Theorem 3.3].) This
is also proved without assumptions if k = Q and K/Q is Abelian by Burns and Greither in [9, Corollary 8.1]
for p 6= 2, and by Flach in [14, Theorem 5.1] and [15, Theorem 1.2] for p = 2. Huber and Kings [19,
Theorem 1.3.1] have also proved Corollary 7.4 in the case k = Q, K/Q Abelian and p odd. In fact, in each
case the results hold at every integerm, and in [9, 14, 15, 19] the results hold for the pair (h0(SpecK)(m),M)
instead of (pimh
0(SpecK)(m), pimM).
References
[1] Cohomologie l-adique et fonctions L. Lecture Notes in Mathematics, Vol. 589. Springer-Verlag, Berlin, 1977. Se´minaire de
Ge´ometrie Alge´brique du Bois-Marie 1965–1966 (SGA 5), dirige´ par A. Grothendieck.
[2] J. Barrett and D. Burns. Annihilating Selmer modules. J. Reine Angew. Math., 675:191–222, 2013.
[3] P. Ba´yer and J. Neukirch. On values of zeta functions and l-adic Euler characteristics. Invent. Math., 50(1):35–64, 1978/79.
[4] A. Besser, P. Buckingham, R. de Jeu, and X.-F. Roblot. On the p-adic Beilinson conjecture for number fields. Pure and
Applied Math Quarterly, 5:375–434, 2009.
30
[5] S. Bloch and K. Kato. L-functions and Tamagawa numbers of motives. In The Grothendieck Festschrift I, volume 86 of
Prog. in Math., pages 333–400, Boston, 1990. Birkha¨user.
[6] N. Bourbaki. E´le´ments de mathe´matique. Fasc. XXXI. Alge`bre commutative. Chapitre 7: Diviseurs. Actualite´s Scien-
tifiques et Industrielles, No. 1314. Hermann, Paris, 1965.
[7] D. Burns. On main conjectures in non-commutative Iwasawa theory and related conjectures. To appear in the Journal fu¨r
die Reine und Angewandte Mathematik.
[8] D. Burns and M. Flach. Tamagawa numbers for motives with (non-commutative) coefficients. Doc. Math., 6:501–570
(electronic), 2001.
[9] D. Burns and C. Greither. On the equivariant Tamagawa number conjecture for Tate motives. Invent. Math., 153(2):303–
359, 2003.
[10] T. Chinburg, M. Kolster, G. Pappas, and V. Snaith. Galois structure of K-groups of rings of integers. K-Theory, 14(4):319–
369, 1998.
[11] J. Coates and S. Lichtenbaum. On l-adic zeta functions. Ann. of Math. (2), 98:498–550, 1973.
[12] B. Ferrero and L. Washington. The Iwasawa invariant µp vanishes for abelian number fields. Ann. of Math. (2), 109(2):377–
395, 1979.
[13] M. Flach. Euler characteristics in relative K-groups. Bull. London Math. Soc., 32(3):272–284, 2000.
[14] M. Flach. The equivariant Tamagawa number conjecture: a survey. In Stark’s conjectures: recent work and new directions,
volume 358 of Contemp. Math., pages 79–125. Amer. Math. Soc., Providence, RI, 2004. With an appendix by C. Greither.
[15] M. Flach. On the cyclotomic main conjecture at the prime 2. J. Reine Angew. Math., 661:1–36, 2011.
[16] J.-M. Fontaine. Valeurs spe´ciales des fonctions L des motifs. Aste´risque, (206):Exp. No. 751, 4, 205–249, 1992. Se´minaire
Bourbaki, Vol. 1991/92.
[17] R. Greenberg. On p-adic L-functions and cyclotomic fields. II. Nagoya Math. J., 67:139–158, 1977.
[18] R. Greenberg. On p-adic Artin L-functions. Nagoya Math. J., 89:77–87, 1983.
[19] A. Huber and G. Kings. Bloch-Kato conjecture and Main Conjecture of Iwasawa theory for Dirichlet characters. Duke
Math. J., 119(3):393–464, 2003.
[20] K. Iwasawa. On Zl-extensions of algebraic number fields. Ann. of Math. (2), 98:246–326, 1973.
[21] U. Jannsen. Continuous e´tale cohomology. Math. Ann., 280(2):207–245, 1988.
[22] F. F. Knudsen and D. Mumford. The projectivity of the moduli space of stable curves. I. Preliminaries on “det” and “Div”.
Math. Scand., 39(1):19–55, 1976.
[23] S. Lichtenbaum. On the values of zeta and L-functions. I. Ann. of Math. (2), 96:338–360, 1972.
[24] J.S. Milne. E´tale cohomology. Princeton University Press, Princeton, N.J., 1980.
[25] J.S. Milne. Arithmetic duality theorems. Perspectives in Mathematics. Academic Press, 1986.
[26] J. Neukirch. Algebraic number theory, volume 322 of Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 1999. Translated from the 1992 German original and with
a note by Norbert Schappacher, With a foreword by G. Harder.
[27] J. Neukirch, A. Schmidt, and K. Wingberg. Cohomology of number fields, volume 323 of Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, second edition, 2008.
[28] B. Perrin-Riou. p-adic L-functions and p-adic representations, volume 3 of SMF/AMS Texts and Monographs. American
Mathematical Society, Providence, RI; Socie´te´ Mathe´matique de France, Paris, 2000. Translated from the 1995 French
original by Leila Schneps and revised by the author.
[29] K. Ribet. Report on p-adic L-functions over totally real fields. In Journe´es Arithme´tiques de Luminy (Colloq. Internat.
CNRS, Centre Univ. Luminy, Luminy, 1978), volume 61 of Aste´risque, pages 177–192. Soc. Math. France, Paris, 1979.
[30] A. Schmidt. On the relation between 2 and ∞ in Galois cohomology of number fields. Compositio Math., 133(3):267–288,
2002.
[31] J.-P. Serre. Linear representations of finite groups. Springer-Verlag, New York, 1977. Translated from the second French
edition by Leonard L. Scott, Graduate Texts in Mathematics, Vol. 42.
[32] J. Tate. Duality theorems in Galois cohomology over number fields. In Proc. Internat. Congr. Mathematicians (Stockholm,
1962), pages 288–295. Inst. Mittag-Leffler, Djursholm, 1963.
[33] J. Tate. Relations between K2 and Galois cohomology. Invent. Math., 36:257–274, 1976.
[34] L. Washington. Introduction to cyclotomic fields, volume 83 of Graduate Texts in Mathematics. Springer-Verlag, New York,
second edition, 1997.
[35] A. Wiles. The Iwasawa conjecture for totally real fields. Ann. of Math. (2), 131(3):493–540, 1990.
Faculteit der Exacte Wetenschappen, Afdeling Wiskunde, VU University Amsterdam, De Boelelaan 1081a,
1081 HV Amsterdam, The Netherlands
Faculteit der Exacte Wetenschappen, Afdeling Wiskunde, VU University Amsterdam, De Boelelaan 1081a,
1081 HV Amsterdam, The Netherlands
Current address: Optiver, Strawinskylaan 3095, 1077 ZX Amsterdam, The Netherlands
31
